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Marty! 
“Shut up and calculate” 

— Paul Dirac 
— Richard Feynman 
— David Mermin 

If there ever was someone to attribute this to, it is Marty. 

Whatever success I’ve had stems from this gift from Marty. 

This is a gift:  A basic way to think about theoretical physics. 

— Marty Halpern 

 “Blue collar theoretical physics”: roll up your sleeves and calculate  

Only tools Marty  
needed  
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“Shut up and calculate” 

Word of wisdom has guided me for the  
past 30 years.  

Some ideas: 
•  Duality between color and kinematics and double copy. 
•  Double copy as a means for understanding gravity.  

1.  Applications of double copy to problem of UV divergence 
      in quantum gravity. 
2.  Applications to LIGO physics. 

What is behind these ideas?  How does it relate to standard  
approaches to gravity? 

“Calculate!” 
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Some Basic Ideas About Gravity 
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Gravity Three Vertices 

    About 100 terms in three vertex 
 Naïve conclusion: Gravity is a nasty mess. 

Three-graviton vertex: 

Three-gluon vertex: 

Standard Feynman diagram approach. 
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Generalized Unitarity Method 

Two-particle cut: 

Generalized    
unitarity as a 
practical tool. 

Three-particle cut: 

ZB, Dixon and Kosower; 
ZB, Morgan; 
Britto, Cachazo, Feng; 
Ossala,Pittau,Papadopoulos; 
Ellis, Kunszt, Melnikov; 
Forde; Badger 
and many others 

•  Systematic assembly of  
  complete amplitudes from  
  other amplitudes. 
•  Works for any number of 
  particles or loops. 

on-shell 

on-shell 

Reproduces Feynman diagrams, except intermediate steps of  
calculation based on gauge-invariant quantities. 

ZB, Dixon, Dunbar and Kosower (1994) 

No Feynman rules; no need for virtual particles. 

E2 = ~p 2 +m2
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Gravity Amplitudes 
Kawai-Lewellen-Tye string relations in low energy limit:  

gravity gauge theory color ordered 

1.  Gravity is derivable from gauge theory.  Standard Lagrangian  
      methods offers no hint why this is possible. 
2.  It is very generally applicable. 

Pattern gives explicit all-leg form.  

KLT (1985) 

Bern, Dixon, Perelstein, J.S. Rozowsky  (1998) 
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Duality Between Color and Kinematics 

Color factors based on a Lie algebra:  

coupling  
constant color factor 

momentum dependent 
kinematic factor 

Color factors satisfy Jacobi identity:   

Use  1 = s/s = t/t = u/u  
to assign 4-point diagram 
to others. 

Numerator factors satisfy similar identity:   

Jacobi Identity 

Atree
4 = g2

⇣nscs
s

+
ntct
t

+
nucu
u

⌘

ZB, Carrasco, Johansson (2007) 

Proven at tree level 
ZB, Carrasco, Johansson; Kiermaier; Bjerrum-Bohr, Damgaard, Sondergaard, Vanhove;  Cachazo, etc 
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BCJ  
Gravity Loop Integrands from Gauge Theory 

 If you have a set of duality satisfying numerators. 
                                  To get:  
  

simply take 

color factor        kinematic numerator 

gauge theory         gravity theory 

Gravity loop integrands follow from gauge theory! 

Ideas conjectured to generalize to loops:  

ck           nk 

color factor 

kinematic 
numerator (k) (i) (j) 
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UV Behavior of Gravity 

“Shut up and Calculate” 
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•  Extra powers of loop momenta in numerator means integrals are     
   badly behaved in the UV and must diverge at some loop order. 
•  Much more sophisticated power counting in supersymmetric theories    
   but this is basic idea. 

Gravity:  

Gauge theory: 

•  With more supersymmetry expect better UV properties. 
•  Need to worry about “hidden cancellations”. 
•  N = 8 supergravity best theory to study. 

Dimensionful coupling 

UV Behavior of Gravity? 

Z LY

i=1

dDpi
(2⇡)D

· · ·pµj p⌫j · · ·
propagators

Z LY

i=1

dDpi
(2⇡)D

· · · gp⌫j · · ·
propagators



3 loops 
 N = 8 

Green, Schwarz, Brink (1982); Howe and 
Stelle (1989);   
Marcus and Sagnotti (1985) 

5 loops 
 N = 8 

Bern, Dixon, Dunbar, Perelstein, Rozowsky 
(1998); Howe and Stelle (2003,2009) 

6 loops 
 N = 8  

Howe and Stelle (2003) 
 

7 loops 
 N = 8  

Grisaru and Siegel (1982);  Bossard, Howe, 
Stelle (2009);Vanhove; Björnsson, Green  
(2010); Kiermaier, Elvang, Freedman(2010); 
Ramond, Kallosh (2010);  Biesert et al (2010); 
Bossard, Howe, Stelle, Vanhove (2011) 

3 loops 
 N = 4 

Bossard, Howe, Stelle, Vanhove (2011) 

4 loops 
 N = 5 

Bossard, Howe, Stelle, Vanhove (2011) 

4 loops 
  N = 4 

Vanhove and Tourkine (2012) 

9 loops 
  N = 8 

Berkovits, Green, Russo, Vanhove (2009) 
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N = 8 supergravity: Where is First D = 4 UV Divergence? 

•  Track record of predictions from standard symmetries not great. 
•  Conventional wisdom holds that it will diverge sooner or later. 

✓ 

✗ 

✗ 

✗ 

? 

✗ 

✗ 
Weird structure. 
Anomaly-like behavior 
of divergence. 

ZB, Kosower, Carrasco, Dixon,  
Johansson, Roiban;   ZB, Davies, 
Dennen, A. Smirnov, V. Smirnov;    
series of calculations. 

✗ Retracted, but perhaps to be 
unretracted. 

This is what we are most 
interested in. 

“shut up and calculate” 
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Supersymmetry and Ultraviolet Divergences  

•  First quantized formulation of Berkovits’ pure-spinor formalism.   

•  Key point:  all supersymmetry cancellations are exposed. 

Poor UV behavior, unless new types of cancellations between diagrams exist  
that are “not consequences of supersymmetry in any conventional sense”. 
 

•  N = 8 sugra should diverge at 5 loops in D = 24/5. 
•  N = 8 sugra should diverge at 7 loops in D = 4.         

Bjornsson and Green 

Bossard, Howe, Stelle; Elvang,  Freedman, Kiermaier; Green, Russo, Vanhove ; Green and Björnsson ; 
Bossard , Hillmann and Nicolai;  Ramond and  Kallosh;  Broedel  and Dixon; Elvang and Kiermaier; 
Beisert,  Elvang, Freedman, Kiermaier, Morales, Stieberger; Bossard, Howe, Stelle, Vanhove, etc 

Bjornsson and Green 

Consensus agreement from all power-counting methods. 
including power counting within out unitarity approach.  

“Shut up and calculate” 
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Scorecard on Symmetry Predictions 
•  N = 4 sugra should diverge at 3 loops in D = 4.          
•    N = 5 sugra should diverge at 4 loops in D = 4. 
•    Half maximal sugra diverges at 2 loops in D = 5. 
•    N = 8 sugra should diverge at 5 loops in D = 24/5.    
•    N = 8 sugra should diverge at 7 loops in D = 4.  

ZB, Davies, Dennen (2012, 2014); ZB, Davies, Dennen, Huang(2012)   

•  UV cancellation of N = 5 supergravity at 4 loops in D = 4 definite 
     mystery. Clear problem with standard symmetry arguments. 

✗ 
✗ 

? 

Goal is to provide definitive answers.  Need to go to 7 loops!  

✗ 

Freedman, Kallosh and Yamada (2018)   

✓ 

ZB, Carrasco, Chen, Edison, Johansson, Roiban, Parra-Martinez, Zeng (2018)  

What is the difference between N = 5 and N = 8?   D = 4? 

“Impossible” gravity calculations are pretty standard 
by now and shed nontrivial new light on UV properties. 

key question 
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Applications to LIGO Physics 

“Shut up and Calculate” 



16 

LIGO/Virgo and Templates 

Signal extracted and compared against ~250K templates computed from theory.  

Era of gravitational wave astronomy begins! 
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Goal:  Improve on post-Newtonian Theory 

From Antelis and Moreno, arXiv:1610.03567   

analytic part we want to help with 

Small errors accumulate.  Need for high precision.   

PN + EOB or Pheno 
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 Post Newtonian Approximation 

In center of mass frame: 

Newton 

Hamiltonian known to 4PN order. 

⌫ = µ/M,

v2 ⇠ GM

r
⌧ 1

<latexit sha1_base64="DS+Mt/L6DuBlZmCIckf5NupBn2g=">AAACBHicbVBNS8NAEJ34WetX1GMvi0XwVJIi6LHoQS9CBfsBTSyb7aZdutmE3U2hhB68+Fe8eFDEqz/Cm//GbZuDtj4YeLw3w8y8IOFMacf5tlZW19Y3Ngtbxe2d3b19++CwqeJUEtogMY9lO8CKciZoQzPNaTuRFEcBp61geDX1WyMqFYvFvR4n1I9wX7CQEayN1LVLo4cq8hSLkBdKTLLr20kmJ8jjHLldu+xUnBnQMnFzUoYc9a795fVikkZUaMKxUh3XSbSfYakZ4XRS9FJFE0yGuE87hgocUeVnsycm6MQoPRTG0pTQaKb+nshwpNQ4CkxnhPVALXpT8T+vk+rwws+YSFJNBZkvClOOdIymiaAek5RoPjYEE8nMrYgMsAlDm9yKJgR38eVl0qxWXKfi3p2Va5d5HAUowTGcggvnUIMbqEMDCDzCM7zCm/VkvVjv1se8dcXKZ47gD6zPH0vMlzc=</latexit><latexit sha1_base64="DS+Mt/L6DuBlZmCIckf5NupBn2g=">AAACBHicbVBNS8NAEJ34WetX1GMvi0XwVJIi6LHoQS9CBfsBTSyb7aZdutmE3U2hhB68+Fe8eFDEqz/Cm//GbZuDtj4YeLw3w8y8IOFMacf5tlZW19Y3Ngtbxe2d3b19++CwqeJUEtogMY9lO8CKciZoQzPNaTuRFEcBp61geDX1WyMqFYvFvR4n1I9wX7CQEayN1LVLo4cq8hSLkBdKTLLr20kmJ8jjHLldu+xUnBnQMnFzUoYc9a795fVikkZUaMKxUh3XSbSfYakZ4XRS9FJFE0yGuE87hgocUeVnsycm6MQoPRTG0pTQaKb+nshwpNQ4CkxnhPVALXpT8T+vk+rwws+YSFJNBZkvClOOdIymiaAek5RoPjYEE8nMrYgMsAlDm9yKJgR38eVl0qxWXKfi3p2Va5d5HAUowTGcggvnUIMbqEMDCDzCM7zCm/VkvVjv1se8dcXKZ47gD6zPH0vMlzc=</latexit><latexit sha1_base64="DS+Mt/L6DuBlZmCIckf5NupBn2g=">AAACBHicbVBNS8NAEJ34WetX1GMvi0XwVJIi6LHoQS9CBfsBTSyb7aZdutmE3U2hhB68+Fe8eFDEqz/Cm//GbZuDtj4YeLw3w8y8IOFMacf5tlZW19Y3Ngtbxe2d3b19++CwqeJUEtogMY9lO8CKciZoQzPNaTuRFEcBp61geDX1WyMqFYvFvR4n1I9wX7CQEayN1LVLo4cq8hSLkBdKTLLr20kmJ8jjHLldu+xUnBnQMnFzUoYc9a795fVikkZUaMKxUh3XSbSfYakZ4XRS9FJFE0yGuE87hgocUeVnsycm6MQoPRTG0pTQaKb+nshwpNQ4CkxnhPVALXpT8T+vk+rwws+YSFJNBZkvClOOdIymiaAek5RoPjYEE8nMrYgMsAlDm9yKJgR38eVl0qxWXKfi3p2Va5d5HAUowTGcggvnUIMbqEMDCDzCM7zCm/VkvVjv1se8dcXKZ47gD6zPH0vMlzc=</latexit><latexit sha1_base64="DS+Mt/L6DuBlZmCIckf5NupBn2g=">AAACBHicbVBNS8NAEJ34WetX1GMvi0XwVJIi6LHoQS9CBfsBTSyb7aZdutmE3U2hhB68+Fe8eFDEqz/Cm//GbZuDtj4YeLw3w8y8IOFMacf5tlZW19Y3Ngtbxe2d3b19++CwqeJUEtogMY9lO8CKciZoQzPNaTuRFEcBp61geDX1WyMqFYvFvR4n1I9wX7CQEayN1LVLo4cq8hSLkBdKTLLr20kmJ8jjHLldu+xUnBnQMnFzUoYc9a795fVikkZUaMKxUh3XSbSfYakZ4XRS9FJFE0yGuE87hgocUeVnsycm6MQoPRTG0pTQaKb+nshwpNQ4CkxnhPVALXpT8T+vk+rwws+YSFJNBZkvClOOdIymiaAek5RoPjYEE8nMrYgMsAlDm9yKJgR38eVl0qxWXKfi3p2Va5d5HAUowTGcggvnUIMbqEMDCDzCM7zCm/VkvVjv1se8dcXKZ47gD6zPH0vMlzc=</latexit>

For orbital mechanics: 

virial theorem 

1PN: Einstein, Infeld, Hoffmann 

Expand in G and v2
<latexit sha1_base64="mBY3pE4UNzIrz8/L2N148DxtpOA=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwFZIY2rorunFZwT6gjWUynbRDZyZhZlIoob/gxoUibv0hd/6Nk7aCih64cDjnXu69J0wYVdpxPqzC2vrG5lZxu7Szu7d/UD48aqs4lZi0cMxi2Q2RIowK0tJUM9JNJEE8ZKQTTq5zvzMlUtFY3OlZQgKORoJGFCOdS9N7Dw7KFce+rFc9vwod23FqrufmxKv5Fz50jZKjAlZoDsrv/WGMU06Exgwp1XOdRAcZkppiRualfqpIgvAEjUjPUIE4UUG2uHUOz4wyhFEsTQkNF+r3iQxxpWY8NJ0c6bH67eXiX14v1VE9yKhIUk0EXi6KUgZ1DPPH4ZBKgjWbGYKwpOZWiMdIIqxNPCUTwten8H/S9mzXsd1bv9K4WsVRBCfgFJwDF9RAA9yAJmgBDMbgATyBZ4tbj9aL9bpsLVirmWPwA9bbJ78gjgo=</latexit><latexit sha1_base64="mBY3pE4UNzIrz8/L2N148DxtpOA=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwFZIY2rorunFZwT6gjWUynbRDZyZhZlIoob/gxoUibv0hd/6Nk7aCih64cDjnXu69J0wYVdpxPqzC2vrG5lZxu7Szu7d/UD48aqs4lZi0cMxi2Q2RIowK0tJUM9JNJEE8ZKQTTq5zvzMlUtFY3OlZQgKORoJGFCOdS9N7Dw7KFce+rFc9vwod23FqrufmxKv5Fz50jZKjAlZoDsrv/WGMU06Exgwp1XOdRAcZkppiRualfqpIgvAEjUjPUIE4UUG2uHUOz4wyhFEsTQkNF+r3iQxxpWY8NJ0c6bH67eXiX14v1VE9yKhIUk0EXi6KUgZ1DPPH4ZBKgjWbGYKwpOZWiMdIIqxNPCUTwten8H/S9mzXsd1bv9K4WsVRBCfgFJwDF9RAA9yAJmgBDMbgATyBZ4tbj9aL9bpsLVirmWPwA9bbJ78gjgo=</latexit><latexit sha1_base64="mBY3pE4UNzIrz8/L2N148DxtpOA=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwFZIY2rorunFZwT6gjWUynbRDZyZhZlIoob/gxoUibv0hd/6Nk7aCih64cDjnXu69J0wYVdpxPqzC2vrG5lZxu7Szu7d/UD48aqs4lZi0cMxi2Q2RIowK0tJUM9JNJEE8ZKQTTq5zvzMlUtFY3OlZQgKORoJGFCOdS9N7Dw7KFce+rFc9vwod23FqrufmxKv5Fz50jZKjAlZoDsrv/WGMU06Exgwp1XOdRAcZkppiRualfqpIgvAEjUjPUIE4UUG2uHUOz4wyhFEsTQkNF+r3iQxxpWY8NJ0c6bH67eXiX14v1VE9yKhIUk0EXi6KUgZ1DPPH4ZBKgjWbGYKwpOZWiMdIIqxNPCUTwten8H/S9mzXsd1bv9K4WsVRBCfgFJwDF9RAA9yAJmgBDMbgATyBZ4tbj9aL9bpsLVirmWPwA9bbJ78gjgo=</latexit><latexit sha1_base64="mBY3pE4UNzIrz8/L2N148DxtpOA=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwFZIY2rorunFZwT6gjWUynbRDZyZhZlIoob/gxoUibv0hd/6Nk7aCih64cDjnXu69J0wYVdpxPqzC2vrG5lZxu7Szu7d/UD48aqs4lZi0cMxi2Q2RIowK0tJUM9JNJEE8ZKQTTq5zvzMlUtFY3OlZQgKORoJGFCOdS9N7Dw7KFce+rFc9vwod23FqrufmxKv5Fz50jZKjAlZoDsrv/WGMU06Exgwp1XOdRAcZkppiRualfqpIgvAEjUjPUIE4UUG2uHUOz4wyhFEsTQkNF+r3iQxxpWY8NJ0c6bH67eXiX14v1VE9yKhIUk0EXi6KUgZ1DPPH4ZBKgjWbGYKwpOZWiMdIIqxNPCUTwten8H/S9mzXsd1bv9K4WsVRBCfgFJwDF9RAA9yAJmgBDMbgATyBZ4tbj9aL9bpsLVirmWPwA9bbJ78gjgo=</latexit>

m = mA +mB ,
<latexit sha1_base64="Os0RXw3wKJiCiz+xj4Sjs4GiKpA=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaMeSSTNtaJIZkoxShv6HGxeKuPVf3Pk3pu0stPXAvRzOuZfcnCDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6GjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyZ+M1HqjSL5L0ZxdQXuC9ZyAg2VnoQ6BKJ7hU6sf36tFssuWV3CrRIvIyUIEOtW/zq9CKSCCoN4VjrtufGxk+xMoxwOi50Ek1jTIa4T9uWSiyo9tPp1WN0ZJUeCiNlSxo0VX9vpFhoPRKBnRTYDPS8NxH/89qJCSt+ymScGCrJ7KEw4chEaBIB6jFFieEjSzBRzN6KyAArTIwNqmBD8Oa/vEgaZ2XPLXt356VqJYsjDwdwCMfgwQVU4RZqUAcCCp7hFd6cJ+fFeXc+ZqM5J9vZhz9wPn8AnjqQmA==</latexit><latexit sha1_base64="Os0RXw3wKJiCiz+xj4Sjs4GiKpA=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaMeSSTNtaJIZkoxShv6HGxeKuPVf3Pk3pu0stPXAvRzOuZfcnCDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6GjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyZ+M1HqjSL5L0ZxdQXuC9ZyAg2VnoQ6BKJ7hU6sf36tFssuWV3CrRIvIyUIEOtW/zq9CKSCCoN4VjrtufGxk+xMoxwOi50Ek1jTIa4T9uWSiyo9tPp1WN0ZJUeCiNlSxo0VX9vpFhoPRKBnRTYDPS8NxH/89qJCSt+ymScGCrJ7KEw4chEaBIB6jFFieEjSzBRzN6KyAArTIwNqmBD8Oa/vEgaZ2XPLXt356VqJYsjDwdwCMfgwQVU4RZqUAcCCp7hFd6cJ+fFeXc+ZqM5J9vZhz9wPn8AnjqQmA==</latexit><latexit sha1_base64="Os0RXw3wKJiCiz+xj4Sjs4GiKpA=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaMeSSTNtaJIZkoxShv6HGxeKuPVf3Pk3pu0stPXAvRzOuZfcnCDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6GjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyZ+M1HqjSL5L0ZxdQXuC9ZyAg2VnoQ6BKJ7hU6sf36tFssuWV3CrRIvIyUIEOtW/zq9CKSCCoN4VjrtufGxk+xMoxwOi50Ek1jTIa4T9uWSiyo9tPp1WN0ZJUeCiNlSxo0VX9vpFhoPRKBnRTYDPS8NxH/89qJCSt+ymScGCrJ7KEw4chEaBIB6jFFieEjSzBRzN6KyAArTIwNqmBD8Oa/vEgaZ2XPLXt356VqJYsjDwdwCMfgwQVU4RZqUAcCCp7hFd6cJ+fFeXc+ZqM5J9vZhz9wPn8AnjqQmA==</latexit><latexit sha1_base64="Os0RXw3wKJiCiz+xj4Sjs4GiKpA=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaMeSSTNtaJIZkoxShv6HGxeKuPVf3Pk3pu0stPXAvRzOuZfcnCDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6GjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyZ+M1HqjSL5L0ZxdQXuC9ZyAg2VnoQ6BKJ7hU6sf36tFssuWV3CrRIvIyUIEOtW/zq9CKSCCoN4VjrtufGxk+xMoxwOi50Ek1jTIa4T9uWSiyo9tPp1WN0ZJUeCiNlSxo0VX9vpFhoPRKBnRTYDPS8NxH/89qJCSt+ymScGCrJ7KEw4chEaBIB6jFFieEjSzBRzN6KyAArTIwNqmBD8Oa/vEgaZ2XPLXt356VqJYsjDwdwCMfgwQVU4RZqUAcCCp7hFd6cJ+fFeXc+ZqM5J9vZhz9wPn8AnjqQmA==</latexit>

µ = mAmB/m,
<latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit>

+ . . .
<latexit sha1_base64="c1QGVQ/K1M/JbBBdbDWN4Jk+tSA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSIIQklEsMeCF48V7Ae0oWw2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/nbX1jc2t7dJOeXdv/+CwcnTcNkmmGW+xRCa6G1DDpVC8hQIl76aa0ziQvBOMb2d+54lrIxL1gJOU+zEdKhEJRtFK3UvSl2GCZlCpujV3DrJKvIJUoUBzUPnqhwnLYq6QSWpMz3NT9HOqUTDJp+V+ZnhK2ZgOec9SRWNu/Hx+75ScWyUkUaJtKSRz9fdETmNjJnFgO2OKI7PszcT/vF6GUd3PhUoz5IotFkWZJJiQ2fMkFJozlBNLKNPC3krYiGrK0EZUtiF4yy+vkvZVzXNr3v11tVEv4ijBKZzBBXhwAw24gya0gIGEZ3iFN+fReXHenY9F65pTzJzAHzifP3ajj40=</latexit><latexit sha1_base64="c1QGVQ/K1M/JbBBdbDWN4Jk+tSA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSIIQklEsMeCF48V7Ae0oWw2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/nbX1jc2t7dJOeXdv/+CwcnTcNkmmGW+xRCa6G1DDpVC8hQIl76aa0ziQvBOMb2d+54lrIxL1gJOU+zEdKhEJRtFK3UvSl2GCZlCpujV3DrJKvIJUoUBzUPnqhwnLYq6QSWpMz3NT9HOqUTDJp+V+ZnhK2ZgOec9SRWNu/Hx+75ScWyUkUaJtKSRz9fdETmNjJnFgO2OKI7PszcT/vF6GUd3PhUoz5IotFkWZJJiQ2fMkFJozlBNLKNPC3krYiGrK0EZUtiF4yy+vkvZVzXNr3v11tVEv4ijBKZzBBXhwAw24gya0gIGEZ3iFN+fReXHenY9F65pTzJzAHzifP3ajj40=</latexit><latexit sha1_base64="c1QGVQ/K1M/JbBBdbDWN4Jk+tSA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSIIQklEsMeCF48V7Ae0oWw2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/nbX1jc2t7dJOeXdv/+CwcnTcNkmmGW+xRCa6G1DDpVC8hQIl76aa0ziQvBOMb2d+54lrIxL1gJOU+zEdKhEJRtFK3UvSl2GCZlCpujV3DrJKvIJUoUBzUPnqhwnLYq6QSWpMz3NT9HOqUTDJp+V+ZnhK2ZgOec9SRWNu/Hx+75ScWyUkUaJtKSRz9fdETmNjJnFgO2OKI7PszcT/vF6GUd3PhUoz5IotFkWZJJiQ2fMkFJozlBNLKNPC3krYiGrK0EZUtiF4yy+vkvZVzXNr3v11tVEv4ijBKZzBBXhwAw24gya0gIGEZ3iFN+fReXHenY9F65pTzJzAHzifP3ajj40=</latexit><latexit sha1_base64="c1QGVQ/K1M/JbBBdbDWN4Jk+tSA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSIIQklEsMeCF48V7Ae0oWw2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/nbX1jc2t7dJOeXdv/+CwcnTcNkmmGW+xRCa6G1DDpVC8hQIl76aa0ziQvBOMb2d+54lrIxL1gJOU+zEdKhEJRtFK3UvSl2GCZlCpujV3DrJKvIJUoUBzUPnqhwnLYq6QSWpMz3NT9HOqUTDJp+V+ZnhK2ZgOec9SRWNu/Hx+75ScWyUkUaJtKSRz9fdETmNjJnFgO2OKI7PszcT/vF6GUd3PhUoz5IotFkWZJJiQ2fMkFJozlBNLKNPC3krYiGrK0EZUtiF4yy+vkvZVzXNr3v11tVEv4ijBKZzBBXhwAw24gya0gIGEZ3iFN+fReXHenY9F65pTzJzAHzifP3ajj40=</latexit>

PR = P · R̂
<latexit sha1_base64="1Djm0zkhgnoZznMQBpuMOiYFGA0=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi2I1QcOMyFvuAJoTJZNoOnTyYuRFCqL/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7T5AKrsCyvo3KxubW9k51t7a3f3B4ZB6f9FSSScq6NBGJHAREMcFj1gUOgg1SyUgUCNYPprdzv//IpOJJ/AB5yryIjGM+4pSAlnyz7vgdfIMdl4YJYHdCAHd8s2E1rQXwOrFL0kAlHN/8csOEZhGLgQqi1NC2UvAKIoFTwWY1N1MsJXRKxmyoaUwiprxicfwMn2slxKNE6ooBL9TfEwWJlMqjQHdGBCZq1ZuL/3nDDEYtr+BxmgGL6XLRKBMYEjxPAodcMgoi14RQyfWtmE6IJBR0XjUdgr368jrpXTZtq2nfXzXarTKOKjpFZ+gC2egatdEdclAXUZSjZ/SK3own48V4Nz6WrRWjnKmjPzA+fwCJ6JNe</latexit><latexit sha1_base64="1Djm0zkhgnoZznMQBpuMOiYFGA0=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi2I1QcOMyFvuAJoTJZNoOnTyYuRFCqL/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7T5AKrsCyvo3KxubW9k51t7a3f3B4ZB6f9FSSScq6NBGJHAREMcFj1gUOgg1SyUgUCNYPprdzv//IpOJJ/AB5yryIjGM+4pSAlnyz7vgdfIMdl4YJYHdCAHd8s2E1rQXwOrFL0kAlHN/8csOEZhGLgQqi1NC2UvAKIoFTwWY1N1MsJXRKxmyoaUwiprxicfwMn2slxKNE6ooBL9TfEwWJlMqjQHdGBCZq1ZuL/3nDDEYtr+BxmgGL6XLRKBMYEjxPAodcMgoi14RQyfWtmE6IJBR0XjUdgr368jrpXTZtq2nfXzXarTKOKjpFZ+gC2egatdEdclAXUZSjZ/SK3own48V4Nz6WrRWjnKmjPzA+fwCJ6JNe</latexit><latexit sha1_base64="1Djm0zkhgnoZznMQBpuMOiYFGA0=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi2I1QcOMyFvuAJoTJZNoOnTyYuRFCqL/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7T5AKrsCyvo3KxubW9k51t7a3f3B4ZB6f9FSSScq6NBGJHAREMcFj1gUOgg1SyUgUCNYPprdzv//IpOJJ/AB5yryIjGM+4pSAlnyz7vgdfIMdl4YJYHdCAHd8s2E1rQXwOrFL0kAlHN/8csOEZhGLgQqi1NC2UvAKIoFTwWY1N1MsJXRKxmyoaUwiprxicfwMn2slxKNE6ooBL9TfEwWJlMqjQHdGBCZq1ZuL/3nDDEYtr+BxmgGL6XLRKBMYEjxPAodcMgoi14RQyfWtmE6IJBR0XjUdgr368jrpXTZtq2nfXzXarTKOKjpFZ+gC2egatdEdclAXUZSjZ/SK3own48V4Nz6WrRWjnKmjPzA+fwCJ6JNe</latexit><latexit sha1_base64="1Djm0zkhgnoZznMQBpuMOiYFGA0=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi2I1QcOMyFvuAJoTJZNoOnTyYuRFCqL/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7T5AKrsCyvo3KxubW9k51t7a3f3B4ZB6f9FSSScq6NBGJHAREMcFj1gUOgg1SyUgUCNYPprdzv//IpOJJ/AB5yryIjGM+4pSAlnyz7vgdfIMdl4YJYHdCAHd8s2E1rQXwOrFL0kAlHN/8csOEZhGLgQqi1NC2UvAKIoFTwWY1N1MsJXRKxmyoaUwiprxicfwMn2slxKNE6ooBL9TfEwWJlMqjQHdGBCZq1ZuL/3nDDEYtr+BxmgGL6XLRKBMYEjxPAodcMgoi14RQyfWtmE6IJBR0XjUdgr368jrpXTZtq2nfXzXarTKOKjpFZ+gC2egatdEdclAXUZSjZ/SK3own48V4Nz6WrRWjnKmjPzA+fwCJ6JNe</latexit>

2PN: Ohta,  Okamura, Kimura and Hiida. 
3PN: Damour, Jaranowski and Schaefer; L. Blanchet and G. Faye.  
4PN: Damour, Jaranowski and Schaefer (2014) 
  

H
<latexit sha1_base64="pWwupPjOLw/nIkVE8QwFHdRQj1s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJZwP6JjJULBKFrpvlkZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JFI278bHHpnJxZZUTCWNtSSBbqz4mMRsbMosB2RhQnZtXLxf+8forhtZ8JlaTIFVsuClNJMCb522QkNGcoZ5ZQpoW9lbAJ1ZShDScPwVt9+S/pXNQ9t+7dXdYaN0UcZTiBUzgHD66gAU1oQRsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgG0c2M4A==</latexit><latexit sha1_base64="pWwupPjOLw/nIkVE8QwFHdRQj1s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJZwP6JjJULBKFrpvlkZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JFI278bHHpnJxZZUTCWNtSSBbqz4mMRsbMosB2RhQnZtXLxf+8forhtZ8JlaTIFVsuClNJMCb522QkNGcoZ5ZQpoW9lbAJ1ZShDScPwVt9+S/pXNQ9t+7dXdYaN0UcZTiBUzgHD66gAU1oQRsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgG0c2M4A==</latexit><latexit sha1_base64="pWwupPjOLw/nIkVE8QwFHdRQj1s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJZwP6JjJULBKFrpvlkZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JFI278bHHpnJxZZUTCWNtSSBbqz4mMRsbMosB2RhQnZtXLxf+8forhtZ8JlaTIFVsuClNJMCb522QkNGcoZ5ZQpoW9lbAJ1ZShDScPwVt9+S/pXNQ9t+7dXdYaN0UcZTiBUzgHD66gAU1oQRsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgG0c2M4A==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="FPJIgioqCVYz7ijBQARMq0yMcvs=">AAAB3nicbZDNSgMxFIXv+Ftr1erWTbAIrsqMG10KbrqsYn+gHUomvdOGZjJDckcopW/gxoUiPpY738ZM24W2Hgh8nJOQe0+UKWnJ97+9re2d3b390kH5sHJ0fFI9rbRtmhuBLZGq1HQjblFJjS2SpLCbGeRJpLATTe6LvPOMxspUP9E0wzDhIy1jKTg567FRHlRrft1fiG1CsIIarNQcVL/6w1TkCWoSilvbC/yMwhk3JIXCebmfW8y4mPAR9hxqnqANZ4tJ5+zSOUMWp8YdTWzh/n4x44m10yRyNxNOY7ueFeZ/WS+n+DacSZ3lhFosP4pzxShlxdpsKA0KUlMHXBjpZmVizA0X5MopSgjWV96E9nU98OvBgw8lOIcLuIIAbuAOGtCEFgiI4QXe4N2beK/ex7KuLW/V2xn8kff5A76Ji4w=</latexit><latexit sha1_base64="FPJIgioqCVYz7ijBQARMq0yMcvs=">AAAB3nicbZDNSgMxFIXv+Ftr1erWTbAIrsqMG10KbrqsYn+gHUomvdOGZjJDckcopW/gxoUiPpY738ZM24W2Hgh8nJOQe0+UKWnJ97+9re2d3b390kH5sHJ0fFI9rbRtmhuBLZGq1HQjblFJjS2SpLCbGeRJpLATTe6LvPOMxspUP9E0wzDhIy1jKTg567FRHlRrft1fiG1CsIIarNQcVL/6w1TkCWoSilvbC/yMwhk3JIXCebmfW8y4mPAR9hxqnqANZ4tJ5+zSOUMWp8YdTWzh/n4x44m10yRyNxNOY7ueFeZ/WS+n+DacSZ3lhFosP4pzxShlxdpsKA0KUlMHXBjpZmVizA0X5MopSgjWV96E9nU98OvBgw8lOIcLuIIAbuAOGtCEFgiI4QXe4N2beK/ex7KuLW/V2xn8kff5A76Ji4w=</latexit><latexit sha1_base64="9cY9kJtCPWSqPMMmv5ep/5txG1g=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m86LHopccq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmljc2t7p7xb2ds/ODyqHp90TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbTu9zvPnFtRKwecZZwP6JjJULBKFrpoVkZVmtu3V2ArBOvIDUo0BpWvwajmKURV8gkNabvuQn6GdUomOTzyiA1PKFsSse8b6miETd+trh0Ti6sMiJhrG0pJAv190RGI2NmUWA7I4oTs+rl4n9eP8Xwxs+ESlLkii0XhakkGJP8bTISmjOUM0so08LeStiEasrQhpOH4K2+vE46V3XPrXv3bq1xW8RRhjM4h0vw4Boa0IQWtIFBCM/wCm/O1Hlx3p2PZWvJKWZO4Q+czx/QjYzc</latexit><latexit sha1_base64="pWwupPjOLw/nIkVE8QwFHdRQj1s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJZwP6JjJULBKFrpvlkZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JFI278bHHpnJxZZUTCWNtSSBbqz4mMRsbMosB2RhQnZtXLxf+8forhtZ8JlaTIFVsuClNJMCb522QkNGcoZ5ZQpoW9lbAJ1ZShDScPwVt9+S/pXNQ9t+7dXdYaN0UcZTiBUzgHD66gAU1oQRsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgG0c2M4A==</latexit><latexit sha1_base64="pWwupPjOLw/nIkVE8QwFHdRQj1s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJZwP6JjJULBKFrpvlkZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JFI278bHHpnJxZZUTCWNtSSBbqz4mMRsbMosB2RhQnZtXLxf+8forhtZ8JlaTIFVsuClNJMCb522QkNGcoZ5ZQpoW9lbAJ1ZShDScPwVt9+S/pXNQ9t+7dXdYaN0UcZTiBUzgHD66gAU1oQRsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgG0c2M4A==</latexit><latexit sha1_base64="pWwupPjOLw/nIkVE8QwFHdRQj1s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJZwP6JjJULBKFrpvlkZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JFI278bHHpnJxZZUTCWNtSSBbqz4mMRsbMosB2RhQnZtXLxf+8forhtZ8JlaTIFVsuClNJMCb522QkNGcoZ5ZQpoW9lbAJ1ZShDScPwVt9+S/pXNQ9t+7dXdYaN0UcZTiBUzgHD66gAU1oQRsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgG0c2M4A==</latexit><latexit sha1_base64="pWwupPjOLw/nIkVE8QwFHdRQj1s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJZwP6JjJULBKFrpvlkZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JFI278bHHpnJxZZUTCWNtSSBbqz4mMRsbMosB2RhQnZtXLxf+8forhtZ8JlaTIFVsuClNJMCb522QkNGcoZ5ZQpoW9lbAJ1ZShDScPwVt9+S/pXNQ9t+7dXdYaN0UcZTiBUzgHD66gAU1oQRsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgG0c2M4A==</latexit><latexit sha1_base64="pWwupPjOLw/nIkVE8QwFHdRQj1s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJZwP6JjJULBKFrpvlkZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JFI278bHHpnJxZZUTCWNtSSBbqz4mMRsbMosB2RhQnZtXLxf+8forhtZ8JlaTIFVsuClNJMCb522QkNGcoZ5ZQpoW9lbAJ1ZShDScPwVt9+S/pXNQ9t+7dXdYaN0UcZTiBUzgHD66gAU1oQRsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgG0c2M4A==</latexit><latexit sha1_base64="pWwupPjOLw/nIkVE8QwFHdRQj1s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJZwP6JjJULBKFrpvlkZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JFI278bHHpnJxZZUTCWNtSSBbqz4mMRsbMosB2RhQnZtXLxf+8forhtZ8JlaTIFVsuClNJMCb522QkNGcoZ5ZQpoW9lbAJ1ZShDScPwVt9+S/pXNQ9t+7dXdYaN0UcZTiBUzgHD66gAU1oQRsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgG0c2M4A==</latexit>
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Status of Calculations From Buonanno  
Amplitudes 2018 
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Which problem to solve? 

1.  Spin. 
2.  Finite size effects. 
3.  Radiation. 
4.  High orders in perturbation theory. 

Some problems for (analytic) theorists: 

•  Needs to be extremely difficult using standard methods. 
•  Needs to be of direct interest to LIGO. 
•  Needs to be in a form that LIGO can use. 

Which one to solve? 

3rd post-Minkowskian order 2-body Hamiltonian 



21 

Our Approach 

Gravitational 
Scattering 

Amplitudes  

Effective 
Field Theory 

Methods 

Post 
Minkowskian 

Potentials 

Inefficient:  Start with quantum theory and take  
Efficient:  Almost magical simplifications for gravity amplitudes. 
                  EFT methods efficiently target pieces we want. 

Will show efficiency wins. 

~ ! 0

ZB, Cheung,  Roiban,  Shen, Solon, Zeng  

Goldberger, Rothstein 
Neill,Rothstein 
Cheung, Rothstein, Solon 

Kawai, Lewellen, Tye 
ZB, Dixon, Dunbar, Perelstein, Rozowsky 
ZB, Carrasco, Johansson 
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Potentials and Amplitudes 

Tree-level: Fourier transform gives classical potential. 

Piece of loops are classical:  Our task is to extract these pieces. 

 We harness EFT to clean up confusion 

eiSclassical/~
<latexit sha1_base64="Eaehg0xjapEu3BY+S+hwo5LEvjI=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFc1UQEXRbduKxoH9DEMJlO2qEzkzAzEUrIzo2/4saFIm79BXf+jdM0C209cOFwzr0z954wYVRpx/m2FhaXlldWK2vV9Y3NrW17Z7et4lRi0sIxi2U3RIowKkhLU81IN5EE8ZCRTji6mvidByIVjcWdHifE52ggaEQx0kYK7ANyn1F4G2Se5BAzpJSxWH7iDUMkcxjYNafuFIDzxC1JDZRoBvaX149xyonQxWs910m0nyGpKWYkr3qpIgnCIzQgPUMF4kT5WXFHDo+M0odRLE0JDQv190SGuFJjHppOjvRQzXoT8T+vl+rows+oSFJNBJ5+FKUM6hhOQoF9KgnWbGwIwpKaXSEeIomwNtFVTQju7MnzpH1ad526e3NWa1yWcVTAPjgEx8AF56ABrkETtAAGj+AZvII368l6sd6tj2nrglXO7IE/sD5/AIymmRc=</latexit><latexit sha1_base64="Eaehg0xjapEu3BY+S+hwo5LEvjI=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFc1UQEXRbduKxoH9DEMJlO2qEzkzAzEUrIzo2/4saFIm79BXf+jdM0C209cOFwzr0z954wYVRpx/m2FhaXlldWK2vV9Y3NrW17Z7et4lRi0sIxi2U3RIowKkhLU81IN5EE8ZCRTji6mvidByIVjcWdHifE52ggaEQx0kYK7ANyn1F4G2Se5BAzpJSxWH7iDUMkcxjYNafuFIDzxC1JDZRoBvaX149xyonQxWs910m0nyGpKWYkr3qpIgnCIzQgPUMF4kT5WXFHDo+M0odRLE0JDQv190SGuFJjHppOjvRQzXoT8T+vl+rows+oSFJNBJ5+FKUM6hhOQoF9KgnWbGwIwpKaXSEeIomwNtFVTQju7MnzpH1ad526e3NWa1yWcVTAPjgEx8AF56ABrkETtAAGj+AZvII368l6sd6tj2nrglXO7IE/sD5/AIymmRc=</latexit><latexit sha1_base64="Eaehg0xjapEu3BY+S+hwo5LEvjI=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFc1UQEXRbduKxoH9DEMJlO2qEzkzAzEUrIzo2/4saFIm79BXf+jdM0C209cOFwzr0z954wYVRpx/m2FhaXlldWK2vV9Y3NrW17Z7et4lRi0sIxi2U3RIowKkhLU81IN5EE8ZCRTji6mvidByIVjcWdHifE52ggaEQx0kYK7ANyn1F4G2Se5BAzpJSxWH7iDUMkcxjYNafuFIDzxC1JDZRoBvaX149xyonQxWs910m0nyGpKWYkr3qpIgnCIzQgPUMF4kT5WXFHDo+M0odRLE0JDQv190SGuFJjHppOjvRQzXoT8T+vl+rows+oSFJNBJ5+FKUM6hhOQoF9KgnWbGwIwpKaXSEeIomwNtFVTQju7MnzpH1ad526e3NWa1yWcVTAPjgEx8AF56ABrkETtAAGj+AZvII368l6sd6tj2nrglXO7IE/sD5/AIymmRc=</latexit><latexit sha1_base64="Eaehg0xjapEu3BY+S+hwo5LEvjI=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFc1UQEXRbduKxoH9DEMJlO2qEzkzAzEUrIzo2/4saFIm79BXf+jdM0C209cOFwzr0z954wYVRpx/m2FhaXlldWK2vV9Y3NrW17Z7et4lRi0sIxi2U3RIowKkhLU81IN5EE8ZCRTji6mvidByIVjcWdHifE52ggaEQx0kYK7ANyn1F4G2Se5BAzpJSxWH7iDUMkcxjYNafuFIDzxC1JDZRoBvaX149xyonQxWs910m0nyGpKWYkr3qpIgnCIzQgPUMF4kT5WXFHDo+M0odRLE0JDQv190SGuFJjHppOjvRQzXoT8T+vl+rows+oSFJNBJ5+FKUM6hhOQoF9KgnWbGwIwpKaXSEeIomwNtFVTQju7MnzpH1ad526e3NWa1yWcVTAPjgEx8AF56ABrkETtAAGj+AZvII368l6sd6tj2nrglXO7IE/sD5/AIymmRc=</latexit>

V (r) =

Z
d3q

(2⇡)3
e�iq·rAtree(q)

<latexit sha1_base64="CxNkxBGxvDAWBDSQTWDJUrfS6Nc="></latexit><latexit sha1_base64="CxNkxBGxvDAWBDSQTWDJUrfS6Nc="></latexit><latexit sha1_base64="CxNkxBGxvDAWBDSQTWDJUrfS6Nc="></latexit><latexit sha1_base64="CxNkxBGxvDAWBDSQTWDJUrfS6Nc="></latexit>
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at L loops 

At higher orders things quickly become 
 less obvious: 

•  What you learned in grad school on     counting is wrong.  
      Loops can have classical pieces. 
•  Double counting and iteration. 
•          scaling of loop amplitudes. 
•  Non-uniqueness of potential. 
•  Cross terms between         and  
 

q
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Iwasaki;  Bjerrum-Bohr, Donoghue, Vanhove; Neill, Rothstein 
Bjerrum-Bohr, Damgaard, Festuccia, Planté. Vanhove 
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EFT Matching 

Roundabout, but efficiently determines potential 

(complicated) (simpler) 
Amplitude methods 
double copy 

full Einstein’s theory effective theory 

tree amplitude 

generalized  
unitarity 

loop integrand 

loop 
integration 

GR loop amplitude 

identical 
physics 

= 

potential 

loop integrand 

build  
ansatz 

Feynman 
diagrams 

EFT loop amplitude 

~ ! 0

loop 
integration 

Goldberger and Rothstein 
Neill, Rothstein 
Cheung, Rothstein, Solon (2018) 
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Gauge-Theory Building Blocks for 2 PM Gravity 

•  This is all you need for 2 PM. 
•  Scaling with number of loops is very good.  

Atree(1s, 2+, 3+, 4s) = i
m2

1[23]

h23it12

Atree(1s, 2+, 3�, 4s) = �i
h3|1|2]2

h23i[23]t12
color-ordered gauge-theory  
tree amplitudes 

E2 =
1

4

h
�t12s23 + s23t1`1 � s23t2`1 + 2t1`1t2`1

i2

O
2 = E

2
� (s23m

2
1 + s23t1`1 + t21`1)(s23m

2
2 � s23t2`1 + t22`1)

CYM = 2

✓
E
2 +O

2

s223
+m2

1m
2
2

◆
1

t1`1 t2`1

gauge theory 
integrand 



25 

One loop gravity warmup 

  
•  Same building blocks as gauge theory! 
•  Double copy is visible even though we have removed 
     dilaton and axion. 

We can extract classical scattering angles or potentials following  
literature   Damour;  Bjerrum-Bohr, Damgaard, Festuccia, Planté, Vanhove; 

Cheung, Rothstein, Solon    

CGR = 2


1

t4
(E4 +O

4 + 6E2
O

2) +m4
1m

4
2

�
1

t1`1
+

1

t4`1

�
1

t2`1
+

1

t3`1

�

Apply unitarity and KLT relations. 
Import gauge-theory results. 

This is 2nd  PM order 



26 

Two Loops for 3 PM 

  

•  Use KLT  and sum over helicities 
•  Very similar to one loop  

•  Double copy is visible. 
•  Remarkably simple, given it is two-loop gravity. 
•  Other cuts somewhat more complicated, but straightforward 

ZB, Cheung, Shen, Roiban, Solon, Zeng  

s23 = (p2 + p3)
2

tij = 2pi · pj
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Integration + Extraction of Potential 

  
Checks on integrals using standard tools of QCD: 
•  Mellin-Barnes integration.   
•  Sector decompostion. 
•  Integration by parts. 
•  Differential equations. 
•  Method of regions. 

To integrate follow methods of Cheung, Rothstein and Solon.  
•  Efficiently targets the classical pieces we want. 
•  Integrals reduce via residues to 3 dimensional integrals. 
•  Incorporates matching  to effective field theory. 
•  Good scaling with perturbative order. 

V. Smirnov; Czakon 

Binoth and Heinrich, A. Smirnov 

K. G. Chetyrkin and F. V. Tkachov, Laporta; A. Smirnov; 
Maierhöfer,  Usovitsch, Uwer 

ZB, Dixon, Kosower; Remiddi and Gehrmann 

Beneke, V. Smirnov;   A. Smirnov.   



28 

Amplitude in Classical Potential Limit  
ZB, Cheung, Roiban, Shen, Solon, Zeng (2019) 

Classical limit. The  O(G3) or 3PM terms are: 

m = mA +mB ,
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<latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit><latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit><latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit><latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit>

µ = mAmB/m,
<latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit>

F1 and F2 IR divergent iteration terms that don’t affect potential. 

� = E/m,
<latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit><latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit><latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit><latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit>

E = E1 + E2,
<latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit><latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit><latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit><latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit>

⇠ = E1E2/E
2,

<latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit><latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit><latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit><latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit>

� = p1 · p2/m1m2,
<latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit><latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit><latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit><latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit>

Two loop gravity.    
Simplicity of result is remarkable! 

rapidity 
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The 3PM Hamiltonian: 

Follow EFT strategy: 

m = mA +mB ,
<latexit sha1_base64="jWfimjFowpZDVnnghjPHEU2b6cI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaIeSSTNtaJIZk0yhDP0ONy4UcevHuPNvTNtZaOuBezmccy+5OUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg39ZsjqjSL5KMZx9QXuC9ZyAg2VvLFNRLdG3Rm++15t1hyy+4MaJl4GSlBhlq3+NXpRSQRVBrCsdZtz42Nn2JlGOF0UugkmsaYDHGfti2VWFDtp7OjJ+jEKj0URsqWNGim/t5IsdB6LAI7KbAZ6EVvKv7ntRMTVvyUyTgxVJL5Q2HCkYnQNAHUY4oSw8eWYKKYvRWRAVaYGJtTwYbgLX55mTQuyp5b9h4uS9VKFkcejuAYTsGDK6jCPdSgDgSe4Ble4c0ZOS/Ou/MxH8052c4h/IHz+QNG0ZBu</latexit><latexit sha1_base64="jWfimjFowpZDVnnghjPHEU2b6cI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaIeSSTNtaJIZk0yhDP0ONy4UcevHuPNvTNtZaOuBezmccy+5OUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg39ZsjqjSL5KMZx9QXuC9ZyAg2VvLFNRLdG3Rm++15t1hyy+4MaJl4GSlBhlq3+NXpRSQRVBrCsdZtz42Nn2JlGOF0UugkmsaYDHGfti2VWFDtp7OjJ+jEKj0URsqWNGim/t5IsdB6LAI7KbAZ6EVvKv7ntRMTVvyUyTgxVJL5Q2HCkYnQNAHUY4oSw8eWYKKYvRWRAVaYGJtTwYbgLX55mTQuyp5b9h4uS9VKFkcejuAYTsGDK6jCPdSgDgSe4Ble4c0ZOS/Ou/MxH8052c4h/IHz+QNG0ZBu</latexit><latexit sha1_base64="jWfimjFowpZDVnnghjPHEU2b6cI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaIeSSTNtaJIZk0yhDP0ONy4UcevHuPNvTNtZaOuBezmccy+5OUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg39ZsjqjSL5KMZx9QXuC9ZyAg2VvLFNRLdG3Rm++15t1hyy+4MaJl4GSlBhlq3+NXpRSQRVBrCsdZtz42Nn2JlGOF0UugkmsaYDHGfti2VWFDtp7OjJ+jEKj0URsqWNGim/t5IsdB6LAI7KbAZ6EVvKv7ntRMTVvyUyTgxVJL5Q2HCkYnQNAHUY4oSw8eWYKKYvRWRAVaYGJtTwYbgLX55mTQuyp5b9h4uS9VKFkcejuAYTsGDK6jCPdSgDgSe4Ble4c0ZOS/Ou/MxH8052c4h/IHz+QNG0ZBu</latexit><latexit sha1_base64="jWfimjFowpZDVnnghjPHEU2b6cI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaIeSSTNtaJIZk0yhDP0ONy4UcevHuPNvTNtZaOuBezmccy+5OUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg39ZsjqjSL5KMZx9QXuC9ZyAg2VvLFNRLdG3Rm++15t1hyy+4MaJl4GSlBhlq3+NXpRSQRVBrCsdZtz42Nn2JlGOF0UugkmsaYDHGfti2VWFDtp7OjJ+jEKj0URsqWNGim/t5IsdB6LAI7KbAZ6EVvKv7ntRMTVvyUyTgxVJL5Q2HCkYnQNAHUY4oSw8eWYKKYvRWRAVaYGJtTwYbgLX55mTQuyp5b9h4uS9VKFkcejuAYTsGDK6jCPdSgDgSe4Ble4c0ZOS/Ou/MxH8052c4h/IHz+QNG0ZBu</latexit> ⌫ = µ/m,

<latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit><latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit><latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit><latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit>

µ = mAmB/m,
<latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit>

� = E/m,
<latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit><latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit><latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit><latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit>

E = E1 + E2,
<latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit><latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit><latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit><latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit>

⇠ = E1E2/E
2,

<latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit><latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit><latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit><latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit>

� = p1 · p2/m1m2,
<latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit><latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit><latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit><latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit>
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Checks   
ZB, Cheung, Roiban, Shen, Solon, Zeng 

Primary check: 

For overlap terms of our Hamiltonian equivalent to 4PN Hamitonian.  
Explicit canonical transformation found. 

Compare to 4PN Hamiltonian of Damour, Jaranowski, Schäfer 

Need canonical transformation: 
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4 PN Hamiltonian   
Damour, Jaranowski, Schaefer 

n = r̂

G4 
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4 PN Hamiltonian   
Damour, Jaranowski, Schaefer 

Mess is partly due to 
their gauge choice.  

After canonical  
transformation 
we match all but 
G4 and G5 terms 

G4 

G5 

Ours is all orders in  
p at G3  

n = r̂
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Tests of Our 3PM  Hamiltonian for LIGO  

Test against numerical relativity. 
Note: Not conclusive, e. g. 
radiation not taken into account. 

“This rather encouraging result motivates a more comprehensive study…” 

 Antonelli, Buonanno, Steinhoff, van de Meent, and Vines, arXiv:1901.07102 

numerical relativity taken as truth 

Winning curve is based on feeding 
3PM through machinery. 

Binding energy   

(8 days after our paper!) 

3PM + 4PN fed into EOB è  Most advanced 2 body Hamiltonian 

Fed into EOB formalism. 
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Outlook for Gravitational Wave Physics 

  

•  Methods are far from exhausted. 

•  Even more efficient methods seem likely. 

•  Methods should scale well to higher orders. 

Natural future questions to investigate: 
•  Higher orders.  Resummation in G. 
•  Radiation.  
•  Spin.  
•  Finite size effects.   
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•   Marty’s basic lesson: “shut up and calculate”. 
•   Remarkable connection between gauge and gravity theories: 
     —  color         kinematics. 
     —  gravity ~ (gauge theory)2 

•    Double-copy idea gives us a powerful new way to think about  
     gravity.  We know this because we calculate. 
•  High loop orders in (super)gravity now common. 5 loops. 
•  Obtained the 3PM conservative 2-body potential for LIGO. 
•  Methods nowhere close to exhausted.     

Summary 

Expect many more calculations in the coming years! 


