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$FNQRZOHGJPHQWV

7KHUH DUH PDQ\ SHRSOH ZLWKRXW ZKRP WKLV UHVHDUFK PLJKW QRW KDYH RFFXUUHG� )RUHPRVW

DPRQJ WKHP DUH P\ IHOORZ JUDGXDWH VWXGHQWV� $QLWD 5HLPDQQ� ZKR VHW XS DQG UDQ FRP�

SXWHU VLPXODWLRQV WR XQGHUVWDQG YDULRXV VKLHOGLQJ SKHQRPHQD� ZKR DVVLVWHG LQ FRQVWUXFWLQJ

DQG UXQQLQJ WKLV H[SHULPHQW� DQG ZKR FRQWLQXHV WR GR VR� 5DPHVK *RSDODQ� ZKR SURYLGHG

H[SHULPHQWDO DVVLVWDQFH ZKHQ ODERU LQWHQVLYH WDVNV DURVH� DQG ZKR SURYLGHG YDOXDEOH GLV�

FXVVLRQV RQ LGHDV ERWK WKHRUHWLFDO� H[SHULPHQWDO� DQG XWWHUO\ XQUHODWHG WR SK\VLFV� DQG 'DQ

'XUNLQ� 0\ DGYLVRU� 3URI� -RHO )DMDQV� GHVHUYHV FUHGLW DV ZHOO� IRU DOWKRXJK KLV UHTXHVWV DQG

VXJJHVWLRQV VRPHWLPHV VHHPHG XQQHFHVVDU\ ZKHQ SUHVHQWHG� KLV GHGLFDWLRQ WR H[SHULPHQWDO

H[FHOOHQFH PDGH WKH nQDO SURGXFW IDU VXSHULRU WR ZKDW LW PLJKW RWKHUZLVH KDYH EHHQ� , ZRXOG

DOVR OLNH WR WKDQN P\ FROODERUDWRUV LQ WKH nHOG RI 1RQ�1HXWUDO 3ODVPD 3K\VLFV IRU SURYLGLQJ

YDOXDEOH VRXQGLQJ ERDUGV IRU RXU RIWHQ XQFRQYHQWLRQDO DQG XQXVXDO LGHDV� LQ SDUWLFXODU� 'U�

7RP &RZDQ� 'U� %UHWW %HFN� -D\ +DUWOHH� 3URI� -RQDWKDQ :XUWHOH� 3URI� 7RP 2
1HLO� 'U�

;LDR�3HL +XDQJ� 'U� 6WHYH &URRNV� 'U� .HYLQ )LQH� DQG 3URI� )UHG 'ULVFROO� , ZRXOG DOVR

OLNH WR WKDQN VHYHUDO PHPEHUV RI WKH 3ODVPD 7KHRU\ DQG 6LPXODWLRQ *URXS LQ WKH ((&6

GHSDUWPHQW KHUH DW %HUNHOH\ IRU SURYLGLQJ YDOXDEOH FRPSXWHU FRGH DQG HYHQ PRUH YDOXDEOH

H[SHUWLVH LQ UXQQLQJ LW� 3URI� 1HG %LUGVDOO� 'DYLG &RRSHUEHUJ� DQG .HLWK &DUWZULJKW�
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0RVW HOHPHQWDU\ GLVFXVVLRQV RI WKH WKHRU\ RI SODVPD VKLHOGLQJ WUHDW WKH UHVSRQVH

RI D SODVPD WR D SHUWXUEDWLRQ DV D SURFHVV ZKLFK RFFXUV LQ WKHUPDO HTXLOLEULXP ZLWKRXW

H[SOLFLW UHIHUHQFH WR WKH YHORFLW\ GLVWULEXWLRQ IXQFWLRQ� 7KLV PRGHO LV MXVW RQH RI PDQ\

WKDW PLJKW DULVH H[SHULPHQWDOO\� 7KHUH DUH LQ IDFW PDQ\ H[SHULPHQWDOO\ REVHUYHG SODVPDV

ZKHUH WKH DVVXPSWLRQ RI WKHUPDO HTXLOLEULXP GRHV QRW KROG� ,Q RUGHU WR XQGHUVWDQG WKH

VKLHOGLQJ EHKDYLRU RI WKHVH SODVPDV� ZH PXVW XQGHUVWDQG WKH EHKDYLRU RI WKH SDUWLFOH YHORFLW\

GLVWULEXWLRQ IXQFWLRQ XQGHU WKH LQoXHQFH RI D SHUWXUEDWLRQ� 7KH IROORZLQJ LV D WKHRUHWLFDO

DQG H[SHULPHQWDO LQYHVWLJDWLRQ RI VHYHUDO LGHDV ZKLFK ZLOO DOORZ XV WR XQGHUVWDQG SODVPD

VKLHOGLQJ LQ D ZLGH YDULHW\ RI SODVPDV� 7KH IRFXV RI WKLV ZRUN LV RQ SODVPDV ZKLFK DUH

HmHFWLYHO\ FROOLVLRQOHVV� DQG ZKLFK� FRQVHTXHQWO\� KDYH D QRQ�0D[ZHOOLDQ SDUWLFOH YHORFLW\

GLVWULEXWLRQ IXQFWLRQ ZKHQ SHUWXUEHG�

��� ,PSRUWDQW &RQFHSWV

&KDUJH VKLHOGLQJ LV RQH RI WKH PRVW IXQGDPHQWDO RI SODVPD SK\VLFV SKHQRPHQD�

DQG LV JHQHUDOO\ DPRQJ WKH nUVW WRSLFV FRYHUHG LQ DQ LQWURGXFWRU\ FRXUVH >�@� $OWKRXJK QRW

DOZD\V PDGH H[SOLFLW� DQDO\VHV RI WKLV SKHQRPHQRQ DOPRVW DOZD\V UHO\ RQ WKH DVVXPSWLRQ

WKDW WKH SODVPD LV LQ WKHUPDO HTXLOLEULXP DQG WKDW WKH HOHFWURQ YHORFLW\ GLVWULEXWLRQ IXQFWLRQ

LV DOZD\V 0D[ZHOOLDQ� 7KLV DVVXPSWLRQ LPSOLHV WKDW WKH HOHFWURQ GHQVLW\� QH�[� W�� IROORZV

WKH %ROW]PDQQ UHODWLRQ�

QH�[� W�  QHR H[S

t
H��[� W�

N7

u
� �����
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:KHQ WKH %ROW]PDQQ UHODWLRQ LV FRPELQHG ZLWK WKH DVVXPSWLRQ RI D XQLIRUP LPPRELOH LRQ

EDFNJURXQG ZLWK QL  QHR s QR� WKH IROORZLQJ VHOI FRQVLVWHQW HTXDWLRQ IRU � LV REWDLQHG�

U
��  HQR

�
H[S

t
H�

N7

u
b �

w
� �����

,Q LQWURGXFWRU\ WUHDWPHQWV WKLV HTXDWLRQ LV VROYHG DSSUR[LPDWHO\ E\ OLQHDUL]LQJ DQG DSSO\LQJ

ERXQGDU\ FRQGLWLRQV� $ VROXWLRQ WR WKH H[DFW HTXDWLRQ FDQ DOVR EH REWDLQHG E\ QXPHULFDO

PHWKRGV�

7KH NH\ IHDWXUH RI WKLV WUHDWPHQW LV WKDW LW FRQWDLQV D UHODWLRQ EHWZHHQ Q DQG ��

QDPHO\ WKH %ROW]PDQQ GLVWULEXWLRQ� 7KLV W\SH RI UHODWLRQ LV QHFHVVDU\ IRU DQ\ WKHRU\ RI

VKLHOGLQJ� EXW WKLV SDUWLFXODU UHODWLRQ GHSHQGV RQ WKH IDFW WKDW WKH SODVPD KDV D 0D[ZHOOLDQ

GLVWULEXWLRQ IXQFWLRQ� 6LQFH D 0D[ZHOOLDQ GLVWULEXWLRQ IXQFWLRQ DULVHV IURP WKHUPDO HTXLOLE�

ULXP� DQG WKHUPDO HTXLOLEULXP LV HVWDEOLVKHG WKURXJK FROOLVLRQV� WKLV UHVXOW PD\ QRW DSSO\

LQ FROOLVLRQOHVV SODVPDV� /HW XV H[DPLQH UHODWLRQV EHWZHHQ Q DQG � ZKLFK GR QRW DULVH IURP

FROOLVLRQDO PHFKDQLVPV�

&RQVLGHU WKH H[DPSOH RI DQ LQnQLWH� FROOLVLRQOHVV SODVPD LQ ZKLFK WKH HOHFWURQV DUH

FRQVWUDLQHG WR PRYH LQ RQH GLPHQVLRQ �E\ D VWURQJ XQLIRUP PDJQHWLF nHOG� IRU H[DPSOH��

$VVXPH WKDW WKLV SODVPD oRZV WKURXJK D UHJLRQ ZKHUH WKHUH LV D VWDWLF SRWHQWLDO ZHOO�

%HFDXVH WKH HQHUJ\ RI WKH SDUWLFOHV LV FRQVHUYHG LI WKH GHSWK RI WKH SRWHQWLDO ZHOO GRHV

QRW FKDQJH LQ WLPH� WKHLU YHORFLW\ ZLOO LQFUHDVH ZKHQ WKH\ HQWHU WKH SRWHQWLDO ZHOO UHJLRQ�

7KH DFFHOHUDWHG SDUWLFOHV VSHQG OHVV WLPH LQ WKH SRWHQWLDO ZHOO UHJLRQ WKDQ WKH\ ZRXOG LQ

DQ XQSHUWXUEHG UHJLRQ� +HQFH� WKH SDUWLFOH GHQVLW\ LV ORZHU LQVLGH WKH SHUWXUEDWLRQ WKDQ

RXWVLGH� 7KLV SKHQRPHQRQ FDQ EH LOOXVWUDWHG E\ LPDJLQLQJ D FROOHFWLRQ RI PDUEOHV� DOO ZLWK

WKH VDPH YHORFLW\� DQG ZLWK HTXDO VSDFLQJ EHWZHHQ HDFK PDUEOH� ,I WKLV FROOHFWLRQ RI PDUEOHV

VKRXOG HQFRXQWHU D GRZQZDUG VORSH� WKHQ WKH VSDFLQJ EHWZHHQ WKH PDUEOHV ZLOO LQFUHDVH DV

WKH YHORFLW\ LQFUHDVHV� 7KXV WKH GHQVLW\ RI PDUEOHV ZLOO GHFUHDVH DV RQH SURFHHGV GRZQKLOO�

7KLV UHVXOW LV WKH RSSRVLWH RI WKH UHVXOW REWDLQHG HDUOLHU IRU WKH FDVH RI WKHUPDO HTXLOLEULXP�

ZKHUH WKH SDUWLFOH GHQVLW\ LQFUHDVHV H[SRQHQWLDOO\ ZLWK WKH GHSWK RI WKH ZHOO� 7R UHVROYH

WKLV DSSDUHQW FRQWUDGLFWLRQ� ZH H[DPLQH WKH SKDVH VSDFH GLDJUDP VKRZQ LQ )LJXUH ���� 7KLV

SKDVH VSDFH GLDJUDP FOHDUO\ VKRZV WKDW WKHUH DUH WZR FODVVHV RI RUELWV� WKRVH ZKLFK FORVH

LQVLGH WKH SRWHQWLDO ZHOO� DQG WKRVH ZKLFK GR QRW� :H ZLOO UHIHU WR WKHVH RUELWV DV WUDSSHG

DQG SDVVLQJ �RU IUHH� RUELWV� UHVSHFWLYHO\� 7KH H[DPSOH DERYH LPSOLFLWO\ DVVXPHG WKDW WKH

WUDSSHG RUELWV DUH HPSW\� ,I WKH WUDSSHG RUELWV FRXOG EH SRSXODWHG ZLWK SDUWLFOHV� WKHQ

WKH GHQVLW\ RI SDUWLFOHV LQ WKH ZHOO UHJLRQ PLJKW EH ODUJHU WKDQ WKH GHQVLW\ RI SDUWLFOHV
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)LJXUH ���� 3KDVH VSDFH RUELWV RI SDUWLFOHV oRZLQJ LQ ] WKURXJK D SRWHQWLDO ZHOO UHJLRQ �VXFK
DV D SRVLWLYH YROWDJH IRU HOHFWURQV�� 7KHUH DUH WZR FODVVHV RI RUELWV� WKRVH ZKLFK FORVH LQVLGH
WKH SRWHQWLDO ZHOO DQG WKRVH ZKLFK GR QRW� :H ZLOO UHIHU WR WKHVH RUELWV DV WUDSSHG DQG
SDVVLQJ RUELWV� UHVSHFWLYHO\� 7KH GHQVLW\ LV JLYHQ E\ WKH LQWHJUDO RI I�Y� RYHU YHORFLW\� KHQFH
WKH GHQVLW\ RI WKH VKDGHG EXQFK RI HOHFWURQV ZLOO EH ORZHU LQVLGH WKH ZHOO WKDQ RXWVLGH� 7KLV
IROORZV IURP SKDVH VSDFH YROXPH FRQVHUYDWLRQ� $ JURXS RI SDUWLFOHV RXWVLGH WKH ZHOO ZLWK
DYHUDJH YHORFLW\ Y DQG YHORFLW\ VSUHDG pY ZLOO KDYH D YHORFLW\ VSUHDG HTXDO WR �Y Y��pY LQVLGH
WKH ZHOO �ZKHUH Y� LV WKH SDUWLFOH YHORFLW\ LQVLGH WKH ZHOO�� 7KHUHIRUH� WKH VSDWLDO H[WHQW RI
WKLV JURXS RI SDUWLFOHV PXVW LQFUHDVH E\ D IDFWRU RI Y� Y� 7KLV LPSOLHV D GHFUHDVH LQ GHQVLW\
E\ D IDFWRU RI Y Y�� 7KLV UHVXOW KROGV RQ DOO SDVVLQJ RUELWV�
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RXWVLGH WKH ZHOO UHJLRQ� ZKLFK ZLOO KDYH WKH HmHFW RI VFUHHQLQJ WKH ZHOO� 7KH GLpFXOW\ OLHV

LQ GLVFHUQLQJ WKH PHFKDQLVP E\ ZKLFK WKH WUDSSHG RUELWV EHFRPH SRSXODWHG� ,Q WKHUPDO

HTXLOLEULXP� FROOLVLRQV FDXVH SDUWLFOHV WR PRYH IURP RUELW WR RUELW LQ SKDVH VSDFH� DQG FDQ

FDXVH SDUWLFOHV WR PRYH IURP SDVVLQJ WR WUDSSHG RUELWV� EXW LQ FROOLVLRQOHVV SODVPDV� WKLV

PHFKDQLVP GRHV QRW RFFXU�

7KH SUREOHP LV QRZ FOHDU� ,Q RUGHU WR UHVROYH WKH DSSDUHQW FRQWUDGLFWLRQ RI D RQH

GLPHQVLRQDO SHUWXUEDWLRQ� ZH PXVW nQG D FROOLVLRQOHVV PHFKDQLVP E\ ZKLFK SDUWLFOHV FDQ

EHFRPH WUDSSHG LQ D SRWHQWLDO ZHOO� 7KH SURFHVV RI SDUWLFOH WUDSSLQJ ZLOO GHWHUPLQH WKH

SDUWLFOH GLVWULEXWLRQ IXQFWLRQ LQ SKDVH VSDFH� I�Y�� ERWK LQVLGH DQG RXWVLGH WKH ZHOO� 7KH

GLVWULEXWLRQ IXQFWLRQ FDQ WKHQ EH XVHG WR nQG WKH GHQVLW\ DQG WKXV GHWHUPLQH WKH SODVPDV

UHVSRQVH WR D SHUWXUEDWLRQ ZKLFK LV DQDORJRXV WR WKH 0D[ZHOO�%ROW]PDQQ UHODWLRQ� 7KLV

H[WUD VWHS RI H[DPLQLQJ WKH G\QDPLFV RI WKH GLVWULEXWLRQ IXQFWLRQ H[SOLFLWO\ LV QHFHVVDU\ LQ

FROOLVLRQOHVV SODVPDV ZKHUH D WKHUPDO GLVWULEXWLRQ FDQ QR ORQJHU EH DVVXPHG�

��� 3UHYLRXV :RUN

7KHUH KDV EHHQ PXFK WKHRUHWLFDO ZRUN RQ SODVPD SHUWXUEDWLRQV LQ JHQHUDO DQG

SODVPD VKLHOGLQJ LQ SDUWLFXODU ZKLFK LV UHOHYDQW WR WKH SUHVHQW H[SHULPHQWV� 7KLV SUHYLRXV

ZRUN JHQHUDOO\ IDOOV LQWR WKUHH FDWHJRULHV� 7KH nUVW FDWHJRU\ DVVXPHV WKDW WKH SODVPD LV LQ

WKHUPDO HTXLOLEULXP ZLWK D 0D[ZHOOLDQ YHORFLW\ GLVWULEXWLRQ IXQFWLRQ IRU WKH HQWLUH SURFHVV�

7KH WKHRU\ RI 'HE\H VKLHOGLQJ DV WDXJKW LQ LQWURGXFWRU\ WH[WERRNV RQ SODVPD SK\VLFV �>�� �@�

IRU H[DPSOH� IDOOV LQWR WKLV FDWHJRU\� 7KH VHFRQG FDWHJRU\ RI FDOFXODWLRQ LV YDOLG IRU SHU�

WXUEDWLRQV ZKLFK RFFXU RQ WLPH VFDOHV WKDW DUH PXFK VKRUWHU WKDQ WKH RUELWDO SHULRG RI WKH

SODVPD SDUWLFOHV >�� �� �� �� �@� 7KHVH FDOFXODWLRQV DUH VLPLODU WR PDQ\ FDOFXODWLRQV RI ZDYH

SDUWLFOH LQWHUDFWLRQV ^ WKH\ UHO\ RQ OLQHDUL]LQJ WKH 9ODVRY HTXDWLRQ� RU HTXLYDOHQWO\� OLQHDUL]�

LQJ WKH HTXDWLRQV RI PRWLRQ� $OWKRXJK WKH UHTXLUHPHQW RI WKHUPDO HTXLOLEULXP LV QR ORQJHU

QHHGHG� WKH OLQHDUL]DWLRQ RI WKH 9ODVRY HTXDWLRQ LQYROYHV VRPH DGGLWLRQDO DVVXPSWLRQV� )LUVW

RUGHU SHUWXUEDWLRQV RI WKH 9ODVRY�3RLVVRQ V\VWHP QRW RQO\ UHTXLUH WKDW WKH SHUWXUEDWLRQ EH

VPDOO� WKH\ DOVR UHTXLUH WKDW SDVVLQJ RUELWV UHPDLQ SDVVLQJ� 7KH OLQHDU SHUWXUEDWLRQ WKHRU\

LV QR ORQJHU YDOLG ZKHQ� IRU H[DPSOH� WKH SDUWLFOHV EHJLQ WR ERXQFH LQVLGH WKH ZHOO RI WKH

SHUWXUEDWLRQ� /LQHDUL]DWLRQ SODFHV D OLPLW QRW RQO\ RQ WKH DPSOLWXGH RI WKH SHUWXUEDWLRQ�

EXW DOVR RQ WKH WLPH RYHU ZKLFK WKH VROXWLRQ LV YDOLG� 7KH OLQHDU DSSUR[LPDWLRQ LV WKHUHIRUH

YDOLG IRU D WLPH PXFK OHVV WKDQ D WUDSSHG SDUWLFOH ERXQFH SHULRG� )RU WKH VDNH RI FODULW\�
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ZH ZLOO UHIHU WR WKHVH UDSLG SHUWXUEDWLRQV DV ?LQVWDQWDQHRXV� SHUWXUEDWLRQV�

$OWKRXJK WKH PHWKRG RI GHWHUPLQLQJ WKH UHVSRQVH WR D SHUWXUEDWLRQ LV YHU\ GLI�

IHUHQW LQ WKH HTXLOLEULXP DQG LQVWDQWDQHRXV FDOFXODWLRQV� WKH REMHFWV RI WKH WZR DUH YHU\

VLPLODU� $ UHODWLRQ EHWZHHQ WKH SODVPD GHQVLW\ DQG WKH SRWHQWLDO LV IRXQG� ZKLFK� DORQJ

ZLWK WKH 3RLVVRQ HTXDWLRQ� DOORZV WKH SUREOHP WR EH VROYHG� 2QH YHU\ LPSRUWDQW UHVXOW RI

ERWK RI WKHVH WKHRULHV LV WKDW WKH\ SRVVHVV WKH VDPH VPDOO SHUWXUEDWLRQ SRWHQWLDO� H�~ N7

OLPLW�

7KH HTXLOLEULXP DQG LQVWDQWDQHRXV WKHRULHV DUH WKHRULHV RI VKLHOGLQJ ZKLFK DUH

FRPPRQO\ SUHVHQWHG LQ WH[WERRNV� $OWKRXJK WKH\ SURYLGH VLPLODU UHVXOWV ZKHQ LQ WKH OLPLW

RI VPDOO SHUWXUEDWLRQ SRWHQWLDO� WKHLU H[WHQVLRQV WR WKH UHJLPH ZKHUH WKH SRWHQWLDO HQHUJ\

RI WKH SODVPD SDUWLFOHV LQ WKH SHUWXUEDWLRQ LV FRPSDUDEOH WR RU ODUJHU WKDQ WKHLU WKHUPDO

HQHUJ\ GLmHU UDGLFDOO\ �DV ZLOO EH VKRZQ LQ &KDSWHU ��� ,PSOLFLW LQ ERWK RI WKHVH WKHRULHV LV

WKH LGHD WKDW SDUWLFOHV FDQ EHFRPH WUDSSHG LQ WKH SRWHQWLDO ZHOO FUHDWHG E\ WKH SHUWXUEDWLRQ

^ LQ WKH nUVW FDVH� WKURXJK FROOLVLRQV� DQG LQ WKH VHFRQG FDVH� WKURXJK WKH SULRU SUHVHQFH RI

SDUWLFOHV LQ WKH UHJLRQ ZKHUH WKH ZHOO LV WR EH FUHDWHG DQG WKH LQDELOLW\ RI WKHVH SDUWLFOHV

WR OHDYH WKLV UHJLRQ XQWLO DIWHU WKH SHUWXUEDWLRQ LV DSSOLHG� 7KH WKLUG FDWHJRU\ RI VKLHOGLQJ

WKHRU\ UHTXLUHV WKDW ZH FRQVLGHU WKH SUREOHP RI WUDSSLQJ H[SOLFLWO\�

2QH W\SH RI SDUWLFOH WUDSSLQJ LQ D QHJDWLYH SRWHQWLDO ZHOO KDV EHHQ H[WHQVLYHO\

VWXGLHG E\ *XUHYLFK >�@� ZKR DVVXPHV WKDW WKH SHUWXUEDWLRQ LV DSSOLHG RQ D WLPH VFDOH

ZKLFK LV VORZ FRPSDUHG WR WKH LQGLYLGXDO SDUWLFOH PRWLRQ EXW IDVW HQRXJK IRU FROOLVLRQV

QRW WR KDYH DQ HmHFW� :H UHIHU WR WKLV W\SH DV ?DGLDEDWLF�� 7KLV WUDSSLQJ SKHQRPHQRQ

LV FRPPRQ LQ WKH H[SHULPHQWV WR EH GLVFXVVHG ODWHU� KHQFH ZH ZLOO GHYHORS WKH WKHRU\

RI DGLDEDWLF WUDSSLQJ H[WHQVLYHO\ LQ &KDSWHU �� $OWKRXJK DGLDEDWLF WUDSSLQJ KDV EHHQ

SUHYLRXVO\ DQDO\]HG� WKH LPSOLFDWLRQV IRU VKLHOGLQJ KDYH QRW EHHQ H[SORUHG� 2XU LQLWLDO VWDWH

RI NQRZOHGJH LV VXPPDUL]HG LQ 7DEOH ���� 2QH RI WKH DLPV RI WKLV WKHVLV LV WR H[WHQG WKH

7LPH 'RPDLQ� &ROOLVLRQDO &ROOLVLRQOHVV 2UELWDO

7UDSSLQJ 0HFKDQLVP� (TXLOLEULXP $GLDEDWLF ,QVWDQWDQHRXV

,PSOLFDWLRQV IRU 6KLHOGLQJ� 8QGHUVWRRG 1RW 8QGHUVWRRG /LQHDU /LPLW 2QO\

7DEOH ���� $ VXPPDU\ RI WKH SDVW XQGHUVWDQGLQJ RI VKLHOGLQJ IRU YDULRXV WLPH GRPDLQV�

WKHRU\ RI VKLHOGLQJ WR DOO WKUHH WLPH GRPDLQV OLVWHG LQ WDEOH ����

,Q DGGLWLRQ WR WKH FDOFXODWLRQV PHQWLRQHG DERYH� WKHUH KDYH EHHQ FDOFXODWLRQV RI

WKH HmHFWV RI WKH GLPHQVLRQ RI WKH SHUWXUEDWLRQ� L�H� ZKHWKHU WKH SODVPD EHLQJ SHUWXUEHG
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KDV RQH WZR RU WKUHH GLPHQVLRQV� RU HTXLYDOHQWO\� ZKHWKHU D WKUHH GLPHQVLRQDO SODVPD LV

SHUWXUEHG E\ D SODQH FKDUJH� D OLQH FKDUJH� RU D SRLQW FKDUJH� >�� �� ��� ��@� $ VXPPDU\ RI

WKHVH LGHDV LV IRXQG LQ WKH ZRUN RI 0H\HU�9HUQHW >��@� 0H\HU�9HUQHW
V FDOFXODWLRQ LJQRUHV WKH

RULJLQ DQG WLPH VFDOH RI WKH SHUWXUEDWLRQ DQG FRQVLGHUV RQO\ WKH FRQVHTXHQFHV RI FRQVHUYDWLRQ

RI SDUWLFOH oX[ LQ RQH� WZR DQG WKUHH GLPHQVLRQV� WKH DQDO\VLV LV EDVHG RQ WKH PDQQHU LQ

ZKLFK WKH WUDMHFWRULHV RI WKH SDUWLFOHV LQ WKH SODVPD FKDQJH LQ UHVSRQVH WR WKH SHUWXUEDWLRQ�

7KH FKDQJH LQ WUDMHFWRULHV OHDGV WR D FKDQJH LQ GHQVLW\ ZKLFK FKDQJHV WKH SRWHQWLDO� 2QH

FULWLFDO LGHD VXPPDUL]HG LQ 0H\HU�9HUQHW
V DQDO\VLV LV WKDW WKH FKDQJH LQ WUDMHFWRULHV ZLOO

EH GLmHUHQW LI WKH GLPHQVLRQDOLW\ RI WKH PRGHO LV GLmHUHQW� &RQVHTXHQWO\� LW LV QHFHVVDU\

WR WUHDW WKH FDVHV RI SRLQW FKDUJH� OLQH FKDUJH DQG SODQH FKDUJH SHUWXUEDWLRQV VHSDUDWHO\�

,W LV LPSRUWDQW WR QRWH WKDW JHRPHWULFDO DQDO\VHV VXFK DV 0H\HU�9HUQHW
V GR QRW LQFOXGH

WKH WUDSSHG SDUWLFOH WUDMHFWRULHV� QDPHO\ WKRVH ZKLFK GR QRW FRQQHFW WR WKH XQSHUWXUEHG

SODVPD� $OWKRXJK ZH nQG H[SHULPHQWDOO\ WKDW WKHUH DUH FDVHV ZKHUH WUDSSHG RUELWV DUH

XQSRSXODWHG� LW LV JHQHUDOO\ WKH FDVH WKDW RQH RU PRUH RI WKH WUDSSLQJ PHFKDQLVPV DERYH

ZLOO EH LPSRUWDQW� 7KXV D FRPSOHWH WKHRU\ RI VKLHOGLQJ PXVW FRQWDLQ FRQVLGHUDWLRQV RI ERWK

JHRPHWULFDO FRQnJXUDWLRQ DQG WUDSSLQJ�

��� 3URJUDP RI UHVHDUFK

7KH UHPDLQGHU RI WKLV WKHVLV ZLOO GHYHORS WKHVH PRGHOV LQ GHWDLO� :H ZLOO EHJLQ

E\ H[DPLQLQJ WKH WKHRU\ RI SODVPD VKLHOGLQJ PRUH IXOO\ LQ &KDSWHU �� 7KH JRDO RI WKLV

DQDO\VLV ZLOO EH WR SUHGLFW WKH UHVXOWV RI H[SHULPHQWV LQ ZKLFK SHUWXUEDWLRQV OLNH WKH RQHV

GLVFXVVHG DERYH DUH DSSOLHG WR D SXUH HOHFWURQ SODVPD� 7KH GHYLFH RQ ZKLFK WKHVH H[�

SHULPHQWV ZHUH SHUIRUPHG LV GLVFXVVHG LQ &KDSWHU �� WKLV FKDSWHU EHJLQV ZLWK D JHQHUDO

GHVFULSWLRQ RI 3HQQLQJ�0DOPEHUJ WUDSV� DQG FRQFOXGHV ZLWK D GHWDLOHG GHVFULSWLRQ RI WKH

8�&� %HUNHOH\ SXUH HOHFWURQ SODVPD WUDS� &KDSWHU � SUHVHQWV WKH UHVXOWV RI WKHVH H[SHUL�

PHQWV DQG FRPSDUHV WKH UHVXOWV ZLWK WKHRU\� )LQDOO\� &KDSWHU � GLVFXVVHV WKH LPSRUWDQFH

RI WKH UHVXOWV REWDLQHG LQ WKH RWKHU FKDSWHUV DQG VSHFXODWHV RQ VRPH IXWXUH DSSOLFDWLRQV IRU

WKH WKHRU\� ,Q $SSHQGL[ $ ZH GLVFXVV VRPH KDUGZDUH PRGLnFDWLRQV DQG XSJUDGHV ZKLFK

DUH QRZ LQ SURJUHVV� $SSHQGL[ % LV D JORVVDU\ RI WHUPV ZKLFK DUH XVHG LQ WKLV WKHVLV�
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&KDSWHU �

7KHRU\ RI &ROOLVLRQOHVV 6KLHOGLQJ

7KLV FKDSWHU GHVFULEHV WKH WKHRU\ RI VKLHOGLQJ LQ FROOLVLRQOHVV SODVPDV LQ WZR OLPLWV

ZKHUH DQDO\WLF UHVXOWV FDQ EH REWDLQHG� ,Q ERWK WKHVH OLPLWV� WKH SODVPD LV QRW LQ WKHUPDO

HTXLOLEULXP� VR WKH PHWKRGV RI HTXLOLEULXP VWDWLVWLFDO PHFKDQLFV FDQ QRW EH XVHG� 7KH

WKHRULHV SUHVHQWHG LQ WKLV FKDSWHU WDNH LQWR DFFRXQW ERWK WKH WLPH VFDOH RI WKH SHUWXUEDWLRQ

DQG WKH JHRPHWULFDO SURSHUWLHV RI WKH SODVPD�

7ZR WLPH VFDOHV LQ WKH SUREOHP DUH WKH FROOLVLRQ WLPH DQG WKH SHULRG RI WKH ERXQFH

RUELWV RI WKH SDUWLFOHV� $V ZH GLVFXVVHG LQ 6HFWLRQ ���� SHUWXUEDWLRQV ZKLFK RFFXU LQ D WLPH

PXFK VORZHU WKDQ WKH HOHFWURQ�HOHFWURQ FROOLVLRQ WLPH FDQ EH XQGHUVWRRG E\ DVVXPLQJ WKDW

WKH HOHFWURQV UHPDLQ LQ WKHUPDO HTXLOLEULXP ZLWK HDFK RWKHU WKURXJKRXW WKH SHUWXUEDWLRQ

SURFHVV� �$ VLPLODU WKHRU\ FDQ EH XVHG IRU WKH LRQV LQ D PXOWL�VSHFLHV SODVPD�� 7KH PDLQ

IRFXV RI WKLV FKDSWHU ZLOO EH RQ SHUWXUEDWLRQV ZKLFK RFFXU RQ WLPH VFDOHV PXFK IDVWHU WKDQ D

FROOLVLRQ WLPH \HW PXFK VORZHU WKDQ DQ RUELW WLPH� $W WKH HQG RI WKH FKDSWHU� ZH ZLOO H[WHQG

VRPH RI WKH DVSHFWV RI WKH UDSLG WLPH VFDOH WKHRU\ WR FRYHU VRPH SUREOHPV WKDW ZLOO DULVH LQ

RXU H[SHULPHQW�

6HFWLRQ ��� DOVR GLVFXVVHG VRPH RI WKH ZRUN WKDW KDV EHHQ GRQH WR GHWHUPLQH WKH

HmHFW RI WKH GLPHQVLRQDOLW\ RI WKH SHUWXUEDWLRQ RQ WKH UHVSRQVH� ,Q WKLV FKDSWHU� ZH ZLOO

FRPELQH WKLV ZLWK WKH WKHRU\ RI FROOLVLRQOHVV WUDSSLQJ WR SUHVHQW D PRUH FRPSOHWH SLFWXUH

RI WKH WKHRU\ RI VKLHOGLQJ LQ RQH� WZR DQG WKUHH GLPHQVLRQV� 7KH WKHRU\ RI RQH GLPHQVLRQDO

VKLHOGLQJ LV RI SDUWLFXODU LQWHUHVW WR XV GXH WR WKH IDFW WKDW RXU H[SHULPHQW LV HVVHQWLDOO\ RQH

GLPHQVLRQDO� �7KLV ZLOO EH H[SODLQHG IXUWKHU LQ &KDSWHU ��� )XUWKHUPRUH� WR FRPSDUH WKHRU\

ZLWK H[SHULPHQW� LW ZLOO EH QHFHVVDU\ WR H[WHQG WKH WKHRU\ RI RQH GLPHQVLRQDO WUDSSLQJ WR

nQLWH VL]H SODVPDV�
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��� 'LVWULEXWLRQ )XQFWLRQV

7KH SURFHVVHV ZH ZLVK WR GHVFULEH DUH QRQ HTXLOLEULXP SURFHVVHV� WKHUHIRUH WKH

FRQFHSW RI WHPSHUDWXUH LV QRW YDOLG� :H PXVW WKHUHIRUH PRGHO WKH FKDQJHV LQ WKH YHORFLW\

GLVWULEXWLRQ IXQFWLRQ I�[� Y� LQ GHWDLO� �1RWH WKDW IRU VLPSOLFLW\� ZH DUH FRQVLGHULQJ D RQH

GLPHQVLRQDO GLVWULEXWLRQ� DQG Y LV WKH PDJQLWXGH RI WKH SDUWLFOH YHORFLW\�� 7KH SODVPD

GHQVLW\ DQG RWKHU UHOHYDQW TXDQWLWLHV FDQ WKHQ EH FDOFXODWHG IURP I�[� Y�� I�[� Y� KDV WKH

LPSRUWDQW SURSHUW\ WKDW LW PXVW EH D VROXWLRQ WR WKH 9ODVRY HTXDWLRQ� ,Q WKH FDVHV WR EH

FRQVLGHUHG EHORZ� I�[� Y� LV DVVXPHG WR EH HLWKHU VWDWLRQDU\� RU TXDVL VWDWLRQDU\ LQ WLPH�

PHDQLQJ WKDW FKDQJHV LQ I�[� Y� DUH VORZ ZLWK UHVSHFW WR ERWK � �S� DQG WKH SHULRG RI WKH

RUELWDO PRWLRQ RI WKH SDUWLFOHV� ZKLFK LPSOLHV WKDW WKH WLPH GHULYDWLYH LQ WKH 9ODVRY HTXDWLRQ

FDQ EH QHJOHFWHG� I�[� Y� WKHUHIRUH VDWLVnHV WKH HTXDWLRQ
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1RWH WKDW ZH DUH FRQVLGHULQJ RQO\ WKH PDJQLWXGH RI WKH YHORFLW\ SDUDOOHO WR %� ZKLFK ZH

DVVXPH WR OLH LQ WKH A[ GLUHFWLRQ�

7KH DQDO\VLV LV VLPSOLnHG LI FRQVWDQWV RI WKH PRWLRQ FDQ EH IRXQG� %\ FRQVWDQWV

RI WKH PRWLRQ� ZH PHDQ TXDQWLWLHV ZKLFK DUH FRQVHUYHG �RU DSSUR[LPDWHO\ FRQVHUYHG� RYHU

D VLQJOH RUELW� 6XSSRVH I�[� Y� FDQ EH ZULWWHQ DV D IXQFWLRQ RQO\ RI VRPH VHW RI FRQVWDQWV

RI WKH PRWLRQ� mL�[� Y�� VR WKDW

I  I�m��[� Y�� �����

�,Q KLJKHU GLPHQVLRQV I  I�m��[� Y�� m��[� Y�� � � ���� 7KH 9ODVRY HTXDWLRQ WKHQ EHFRPHV
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6LQFH HDFK mL LV D FRQVWDQW RI WKH PRWLRQ� HDFK WHUP LQ EUDFNHWV YDQLVKHV LQGHSHQGHQWO\�

7KHUHIRUH� DQ\ I ZKLFK LV D IXQFWLRQ RQO\ RI WKH FRQVWDQWV RI WKH PRWLRQ LV D WLPH LQGHSHQGHQW

VROXWLRQ RI 9ODVRY
V HTXDWLRQ� 7KH SXUSRVH RI nQGLQJ WKHVH FRQVWDQWV RI WKH PRWLRQ LV WR

XQGHUVWDQG KRZ WKH RUELWV RI WKH SDUWLFOHV FKDQJH XQGHU WKH LQoXHQFH RI D SHUWXUEDWLRQ�

7KH JRDO ZLOO EH WR REWDLQ D FRPSOHWH GHVFULSWLRQ RI WKH RUELW XVLQJ WKHVH FRQVWDQWV� DQG

WKHQ GHWHUPLQH KRZ WKH RUELW ZLOO FKDQJH XQGHU WKH LQoXHQFH RI D SHUWXUEDWLRQ E\ nQGLQJ

WKH QHZ FRQVWDQWV RI WKH PRWLRQ DIWHU WKH SHUWXUEDWLRQ KDV EHHQ DSSOLHG�
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��� &RQVWDQWV RI WKH 0RWLRQ

,I ZH DVVXPH WKDW WKH SDUWLFOH LV FRQVWUDLQHG WR PRYH LQ RQO\ RQH GLPHQVLRQ� WKHQ

RQO\ RQH FRQVWDQW RI WKH PRWLRQ LV UHTXLUHG WR FRPSOHWHO\ GHVFULEH WKH SDUWLFOH RUELW� ,I

ZH DVVXPH WKDW WKH HOHFWULF SRWHQWLDO GRHV QRW YDU\ LQ WLPH� WKHQ WKH WRWDO HQHUJ\ �NLQHWLF

SOXV SRWHQWLDO� RI D SDUWLFOH LV FRQVHUYHG� 7KH HQHUJ\� WKHUHIRUH� LV RQH REYLRXV FKRLFH IRU

D FRQVWDQW RI WKH PRWLRQ� ,W LV RIWHQ PRUH FRQYHQLHQW� KRZHYHU� WR SLFN WKH YHORFLW\ RI

WKH SDUWLFOH DW RQH SRLQW LQ WKH WUDS DV RXU FRQVWDQW� 7KLV YHORFLW\� DORQJ ZLWK HQHUJ\

FRQVHUYDWLRQ� GHWHUPLQHV WKH SDUWLFOH YHORFLW\ HYHU\ZKHUH� :H FDQ IXUWKHU VLPSOLI\ WKH

SUREOHP E\ FKRRVLQJ WKLV VDPH SRLQW WR GHnQH ]HUR SRWHQWLDO HQHUJ\� �1RWH WKDW WKLV LPSOLHV

WKDW DOO WKH SDUWLFOHV DUH IUHH RU SDVVLQJ SDUWLFOHV�� 7KXV RXU FRQVWDQW RI WKH PRWLRQ� YR� LV

GHnQHG E\�

YR�[� Y�
�  Y� b �j�[�� �����

1RWH WKDW Y� YR� DQG j DUH DOO QRUPDOL]HG TXDQWLWLHV� GHnQHG DV IROORZV� Y �N7 P�
� � KDV

XQLWV RI YHORFLW\ DQG j�N7 H� KDV XQLWV RI HOHFWULFDO SRWHQWLDO� 1RWH DOVR WKDW ZH DVVXPH

WKDW WKH YHORFLW\ GLVWULEXWLRQ LV V\PPHWULF� DQG FRQVLGHU RQO\ WKH PDJQLWXGH RI YR� 7KLV LV

GRQH WR VLPSOLI\ H[SUHVVLRQV ZKLFK DSSHDU ODWHU� :H KDYH DOVR DVVXPHG WKDW WKH SDUWLFOHV

KDYH D QHJDWLYH FKDUJH�

6LQFH YR LV D FRQVWDQW RI WKH PRWLRQ� I�YR� GHWHUPLQHV I�Y� HYHU\ZKHUH� 8VLQJ

HTXDWLRQV ��� DQG ��� JLYHV
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7R LOOXVWUDWH� VXSSRVH WKDW WKH SODVPD FRQVLVWV RQO\ RI SDUWLFOHV VWUHDPLQJ LQ IURP D 0D[�

ZHOOLDQ VRXUFH DW j  � IDU DZD\ IURP DQ\ SRWHQWLDO YDULDWLRQV� 7KLV LPSOLHV WKDW
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ZKHUH QR LV WKH HOHFWURQ GHQVLW\ ZKHUH j  �� 7R nQG WKH GHQVLW\ HYHU\ZKHUH� ZH LQWHJUDWH

I�Y� RYHU DOO SRVVLEOH RUELWV� ,I ZH RQO\ DOORZ SHUWXUEDWLRQV LQ j ZKLFK IRUP SRWHQWLDO ZHOOV

�j w �� UDWKHU WKDQ SRWHQWLDO KLOOV �j � ��� WKHQ
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1RWH WKDW E\ DVVXPLQJ D 0D[ZHOOLDQ GLVWULEXWLRQ ZKHUH j  �� ZH KDYH DVVXPHG WKDW DOO

RUELWV FRQQHFW ZLWK WKH UHJLRQ ZKHUH j  �� ZKLFK PHDQV WKDW DOO WKH SDUWLFOHV DUH RQ
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RUELWV ZLWK HQHUJ\ JUHDWHU WKDQ ]HUR� 6LQFH ZH KDYH DVVXPHG j w � HYHU\ZKHUH� QRQH RI
WKH SDUWLFOHV DUH WUDSSHG LQ D SRWHQWLDO ZHOO� 6LQFH Q�[� � QR ZH VHH WKDW D SRSXODWLRQ

FRQVLVWLQJ HQWLUHO\ RI XQWUDSSHG HOHFWURQV ZLOO DOZD\V GHFUHDVH LQ GHQVLW\ LQ D SRWHQWLDO ZHOO�

7KH DQDO\VLV DERYH DVVXPHV WKDW WKH SRWHQWLDO LV NQRZQ HYHU\ZKHUH� ,Q JHQHUDO�

WKH SRWHQWLDO FDQ EH EURNHQ GRZQ LQWR WZR SDUWV� WKH SDUW ZKLFK LV GXH WR WKH SODVPD LWVHOI

DQG WKH SDUW ZKLFK LV GXH WR H[WHUQDO LQoXHQFHV� 6LQFH WKH SRWHQWLDO EHFRPHV PRUH SRVLWLYH

LQ D UHJLRQ ZLWK IHZHU HOHFWURQV� WKH HmHFW RI D GHFUHDVH LQ HOHFWURQ GHQVLW\ LQ D UHJLRQ RI

SRVLWLYH SRWHQWLDO ZLOO EH WR FDXVH WKH WRWDO SRWHQWLDO WR EH ODUJHU LQ PDJQLWXGH WKDQ WKH

DSSOLHG SRWHQWLDO� ,Q WKLV FDVH� WKH SRWHQWLDO ZHOO ZLOO EH ?DQWL�VKLHOGHG��

��� 7UDSSHG &KDUJH

7KH FRQFOXVLRQ WKDW WKH ZHOO ZLOO EH DQWL�VKLHOGHG LV D FRQVHTXHQFH RI WKH IDFW WKDW

QR FKDUJH LV WUDSSHG LQ LW� +RZHYHU� DV ZDV QRWHG LQ VHFWLRQ ���� WKH PDQQHU LQ ZKLFK D ZHOO

LV FUHDWHG FDQ WUDS FKDUJH� ,Q JHQHUDO� WKH RQO\ ZD\ WR REVHUYH DQWL�VKLHOGLQJ LV WR FUHDWH

WKH ZHOO EHIRUH WKH SODVPD oRZV LQWR LW� ,I WKHUH LV SODVPD LQ WKH YLFLQLW\ RI WKH ZHOO DW

WKH WLPH ZKHQ WKH ZHOO LV FUHDWHG� WKHUH DUH DOZD\V FROOLVLRQOHVV PHFKDQLVPV ZKLFK ZLOO WUDS

FKDUJH� 7KLV LV D VWUDLJKWIRUZDUG FRQVHTXHQFH RI WKH FRQGLWLRQV XQGHU ZKLFK FRQVHUYDWLRQ RI

HQHUJ\ KROGV LQ DQ HOHFWURVWDWLF V\VWHP� 7R LOOXVWUDWH WKLV� VXSSRVH WKDW ZH KDYH D SDUWLFOH

RI FKDUJH T PRYLQJ LQ DQ HOHFWURVWDWLF nHOG� 7KH HTXDWLRQ RI PRWLRQ LV
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:KHQ WKH WRWDO GHULYDWLYH LV ZULWWHQ DV D FRQYHFWLYH GHULYDWLYH�
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:KHQ T�#� #W� LV DGGHG WR ERWK VLGHV RI WKH HTXDWLRQ�
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(TXDWLRQ ���� LPSOLHV WKDW ZKHQHYHU D FKDUJHG SDUWLFOH HQWHUV D UHJLRQ ZKHUH

��[� W� LV FKDQJLQJ LQ WLPH� LWV WRWDO HQHUJ\ ZLOO QR ORQJHU EH FRQVHUYHG� ,Q SDUWLFXODU� LI

��[� W� LV LQFUHDVLQJ� WKH WRWDO HQHUJ\ RI DQ HOHFWURQ �T � �� ZLOO EH GHFUHDVLQJ LQ WLPH� 7KLV

PHDQV WKDW DQ HOHFWURQ ZLWK D VXpFLHQWO\ ORZ LQLWLDO HQHUJ\ FDQ EH WUDSSHG E\ WKH FKDQJH

LQ WKH SRWHQWLDO�

,Q RXU H[SHULPHQWV� WKH PRVW FRPPRQ WUDSSLQJ PHFKDQLVP LV WKH WUDQVLW WLPH� RU

DGLDEDWLF PHFKDQLVP nUVW GLVFXVVHG E\ *XUHYLFK >�@� DQG PHQWLRQHG EULHo\ LQ VHFWLRQ ����

7KH SURFHVV LV HDVLO\ YLVXDOL]HG IRU VTXDUH WHVW ZHOOV� EXW PD\ RFFXU IRU DQ\ VKDSH ZHOO�

&RQVLGHU D VORZO\ GHHSHQLQJ VTXDUH WHVW ZHOO ORFDWHG LQ DQ LQnQLWH RQH GLPHQVLRQDO SODVPD�

%\ VORZO\ GHHSHQLQJ ZH PHDQ WKDW QHDUO\ DOO RI WKH SDUWLFOHV WUDYHUVH WKH ZHOO TXLFNO\ LQ

FRPSDULVRQ WR WKH WLPH LW WDNHV IRU WKH ZHOO WR EH IRUPHG� :H ZLOO DVVXPH WKDW DOWKRXJK

PRVW SDUWLFOHV WUDYHUVH WKH ZHOO TXLFNO\ VR WKHLU WRWDO HQHUJ\ LV QRW JUHDWO\ DmHFWHG E\

WKH VORZ FKDQJHV LQ WKH ZHOO� WKHUH ZLOO EH SDUWLFOHV ZLWK D YHORFLW\ LQnQLWHVLPDOO\ FORVH WR

]HUR ZKLFK ZLOO EH DmHFWHG E\ WKH FKDQJHV LQ WKH ZHOO� $ ORZ YHORFLW\ SDUWLFOH ZLOO IHHO DQ

DFFHOHUDWLQJ IRUFH DV LW HQWHUV WKH WHVW ZHOO DQG LW ZLOO JDLQ NLQHWLF HQHUJ\� $V LW WUDYHUVHV

WKH oDW ERWWRP RI WKH ZHOO� LW IHHOV QR IRUFH HYHQ WKRXJK WKH ZHOO LV EHFRPLQJ GHHSHU� ,WV

NLQHWLF HQHUJ\ ZLOO WKHUHIRUH QRW FKDQJH� EXW LWV WRWDO HQHUJ\ ZLOO� %\ WKH WLPH WKH SDUWLFOH

KDV UHDFKHG WKH IDU HGJH RI WKH ZHOO� LW PD\ QR ORQJHU KDYH HQRXJK WRWDO HQHUJ\ �NLQHWLF

SOXV SRWHQWLDO� WR FOLPE RXW RI WKH ZHOO� ,W ZLOO WKHUHIRUH EH UHoHFWHG DQG WUDSSHG� 7KLV

SURFHVV LV LOOXVWUDWHG LQ )LJXUH ���� 2QFH D SDUWLFOH KDV EHFRPH WUDSSHG LQ D VTXDUH ZHOO�

WKH RQO\ IRUFHV LW IHHOV DUH WKH IRUFHV ZKLFK FDXVH LW WR EH UHoHFWHG IURP HDFK HGJH� 6LQFH WKH

QHW LPSXOVH LPSDUWHG E\ WKHVH IRUFHV GRHV QRW GHSHQG RQ WKH GHSWK RI WKH ZHOO� WKH NLQHWLF

HQHUJ\ RI D WUDSSHG SDUWLFOH GRHV QRW FKDQJH DV WKH ZHOO JHWV GHHSHU� 6LQFH ZH KDYH DVVXPHG

WKDW WKH SHUWXUEDWLRQ LV LQFUHDVHG VORZO\� RQO\ WKH YHU\ VORZHVW SDUWLFOHV LQ WKH SODVPD ZLOO

EH WUDSSHG� 7KHUHIRUH� IRU DQ DUELWUDULO\ VORZ SHUWXUEDWLRQ� WKH SKDVH VSDFH GHQVLW\ RI WKH

WUDSSHG SDUWLFOHV LV VLPSO\ WKH GHQVLW\ RI SDUWLFOHV LQ SKDVH VSDFH ZLWK YHORFLW\ HTXDO WR

]HUR�

:H KDYH DVVXPHG WKDW WKH SODVPD LV LQnQLWH LQ OHQJWK� 7KLV PHDQV WKDW DQ\

SDUWLFOH ZKLFK WUDQVLWV WKH ZHOO UHJLRQ ZLWKRXW EHLQJ WUDSSHG ZLOO QHYHU DJDLQ HQFRXQWHU WKH

ZHOO� )XUWKHUPRUH� DOO RI WKH SDUWLFOHV ZKLFK GR HQWHU WKH ZHOO UHJLRQ KDYH QHYHU GRQH VR

EHIRUH� 7KHUHIRUH� ZH DVVXPH WKDW WKH SKDVH VSDFH GLVWULEXWLRQ I�Y� RI XQWUDSSHG SDUWLFOHV

MXVW RXWVLGH WKH SHUWXUEDWLRQ LV QRW DmHFWHG E\ WKH SHUWXUEDWLRQ� &RQVHTXHQWO\� DV WKH ZHOO

JHWV GHHSHU� HDFK RUELW WKDW EHFRPHV WUDSSHG ZLOO KDYH WKH VDPH GHQVLW\ RI SDUWLFOHV LQ



��

7KH SDUWLFOH DFFHOHUDWHV DV LW HQWHUV WKH ZHOO�

7KH SDUWLFOH IHHOV QR IRUFH DV LW WUDQVLWV
HYHQ WKRXJK WKH ZHOO ORZHUV�

%\ WKH WLPH WKH SDUWLFOH KDV UHDFKHG WKH RSSRVLWH VLGH�
WKH ZHOO LV WRR GHHS WR HVFDSH�

)LJXUH ���� $ VORZO\ GHHSHQLQJ WHVW ZHOO� VKRZLQJ KRZ D SDUWLFOH FDQ EH WUDSSHG

SKDVH VSDFH� 7KH UHVXOWLQJ GLVWULEXWLRQ IXQFWLRQ LQ WKH ZHOO ZLOO EH
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ZKHUH j LV WKH nQDO GHSWK RI WKH ZHOO� $IWHU WKH ZHOO KDV EHHQ FUHDWHG� j QR ORQJHU YDULHV

LQ WLPH� (QHUJ\ FRQVHUYDWLRQ FDQ EH XVHG WR nQG WKH GHQVLW\ RI SDUWLFOHV RQ RUELWV ZKHUH
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ZKHUH IR LV WKH GLVWULEXWLRQ IXQFWLRQ RXWVLGH WKH ZHOO� 7R nQG WKH GHQVLW\ DV D IXQFWLRQ RI

SRWHQWLDO� ZH LQWHJUDWH WKHVH GLVWULEXWLRQ IXQFWLRQV RYHU YHORFLW\�
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:LWK WKH DVVXPSWLRQ WKDW WKH GLVWULEXWLRQ IXQFWLRQ RXWVLGH WKH ZHOO� IR� LV 0D[ZHOOLDQ�

WKHVH LQWHJUDOV FDQ HYDOXDWHG H[DFWO\� VR WKHUHIRUH�
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7KH SRWHQWLDO GXH WR ERWK WKH H[WHUQDOO\ DSSOLHG ZHOO DQG WKH VSDFH FKDUJH �WKH VHOI FRQVLV�

WHQW SRWHQWLDO� FDQ QRZ EH IRXQG HYHU\ZKHUH E\ VXEVWLWXWLQJ WKLV UHODWLRQ LQWR WKH 3RLVVRQ
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HTXDWLRQ DV ZDV GRQH IRU WKH HTXLOLEULXP FDVH LQ 6HFWLRQ ���� :H REWDLQ D GLmHUHQWLDO

HTXDWLRQ IRU j�
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1RWH WKDW LQ WKH OLPLW j~ �� ZH REWDLQ

#�

#[�
j  

�

w�'

t
�
T
j { �

�
�b �

T
j { �j� c c c

wu

 �

w�'
j� ������

WKHUHIRUH� IRU D VPDOO ZHOO� WKLV UHVSRQVH LV QHDUO\ LGHQWLFDO WR WKH 'HE\H UHVSRQVH� 6LQFH IRU

ODUJH j WKH ULJKW KDQG VLGH RI (TXDWLRQ ���� LV VLJQLnFDQWO\ VPDOOHU WKDQ LQ WKH 'HE\H FDVH

�VHH (TXDWLRQ ���� L� H�
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IRU D ODUJH ZHOO� WKH UHVSRQVH LV VLJQLnFDQWO\ ZHDNHU WKDQ WKH 'HE\H FDVH�

7KH DERYH DQDO\VLV KDV DVVXPHG WKDW j w �� D SRWHQWLDO ZHOO� 7KH DQDO\VLV LV

GLmHUHQW LI WKH SHUWXUEDWLRQ IRUPV D SRWHQWLDO KLOO LQVWHDG RI D SRWHQWLDO ZHOO >��� ��@� ,Q

WKH FDVH RI D SRWHQWLDO KLOO� WKHUH LV QR WUDSSHG FKDUJH� EXW WKHUH LV D UHJLRQ LQ [ VSDFH

WKDW H[FOXGHV VRPH RI WKH SDUWLFOHV� 7KH GLVWULEXWLRQ ZLOO EH WKH VDPH DV WKH IUHH FKDUJH

GLVWULEXWLRQ LQ (TXDWLRQ ��� �EXW QRZ RI FRXUVH j � ��� 7KH OLPLWV RI LQWHJUDWLRQ FKDQJH

KRZHYHU� ,Q WKLV FDVH� ZH KDYH
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)RU D 0D[ZHOOLDQ SODVPD RXWVLGH WKH ZHOO� RQH REWDLQV

Q�j�  QR H[S�j�� ������

ZKLFK LV H[DFWO\ WKH VDPH UHVXOW DV ZRXOG EH REWDLQHG E\ DVVXPLQJ WKHUPDO HTXLOLEULXP

WKURXJKRXW� ,Q WKH FDVH RI D SRWHQWLDO KLOO� WKHUHIRUH� WKH UHVXOW IRU VKLHOGLQJ ZLOO EH H[DFWO\

WKH VDPH DV WKH UHVXOW RI WKH 'HE\H FDOFXODWLRQ�

��� 7ZR DQG 7KUHH 'LPHQVLRQDO $GLDEDWLF 7KHRU\

7KH WKHRU\ RI VKLHOGLQJ LQ WZR DQG WKUHH GLPHQVLRQV GLmHUV VLJQLnFDQWO\ IURP WKH

WKHRU\ RI VKLHOGLQJ LQ RQH GLPHQVLRQ� 1HYHUWKHOHVV� VHYHUDO FRQFHSWV IURP WKH SUHYLRXV
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)LJXUH ���� 7KH GHnQLWLRQ RI E DQG UPLQ�

VHFWLRQV FDQ EH SURnWDEO\ HPSOR\HG� :KHQ WKH SODVPD HOHFWURQV DUH QR ORQJHU FRQVWUDLQHG

WR PRYH LQ RQH GLPHQVLRQ� WKHLU RUELWV ZLOO EH GHoHFWHG WRZDUGV D SRVLWLYH SHUWXUEDWLRQ DQG

DZD\ IURP D QHJDWLYH SHUWXUEDWLRQ� 7KLV EHQGLQJ RI RUELWV LQFUHDVHV WKH ORFDO GHQVLW\� ZKLFK

KDV WKH RSSRVLWH HmHFW DV WKH FKDQJH LQ WKH YHORFLW\ RI WKH SDUWLFOHV� 7KLV RUELW EHQGLQJ

HmHFW KDV EHHQ VWXGLHG H[WHQVLYHO\ >��� ��@� EXW LW LV QRW WKH RQO\ PHFKDQLVP ZKLFK FDQ

FDXVH D FKDQJH LQ WKH FKDUJH GHQVLW\ LQ WKH YLFLQLW\ RI D SHUWXUEDWLRQ� 3DUWLFOH WUDSSLQJ FDQ

DOVR SOD\ D VLJQLnFDQW UROH� 7KH FRPELQDWLRQ RI WKHVH WZR PHFKDQLVPV ZLOO EH H[DPLQHG LQ

WKH IROORZLQJ VHFWLRQ�

:H ZLOO EHJLQ E\ VXPPDUL]LQJ WKH HmHFW RI WKH EHQGLQJ RI SDUWLFOH RUELWV RQ WKH

GHQVLW\� 7R VLPSOLI\ WKH DQDO\VLV� ZH ZLOO nUVW FRQVLGHU WKH HmHFW RI D VWDWLRQDU\ WHVW FKDUJH

�ZLWK LWV VHOI FRQVLVWHQW SRWHQWLDOV� RQ D FROOHFWLRQ RI SDUWLFOHV ZKLFK DOO KDYH WKH VDPH

YHORFLW\ YHFWRU� EXW ZKLFK KDYH D XQLIRUP GHQVLW\ LQ VSDFH IDU IURP WKH WHVW FKDUJH �L� H�

ZKHUH j  �� :H ZLOO WKHQ DYHUDJH WKH HmHFW RYHU DOO YHORFLW\ GLUHFWLRQV DQG DOO YHORFLW\

PDJQLWXGHV WR REWDLQ WKH UHVSRQVH RI WKH SODVPD�

6XSSRVH WKH SDUWLFOHV DOO KDYH YHORFLW\ YHFWRU YR� ZLWK PDJQLWXGH YR  NYRN (QHUJ\
FRQVHUYDWLRQ LPSOLHV WKDW WKH PDJQLWXGH RI WKH YHORFLW\ RI DOO WKH SDUWLFOHV ZLOO EH JLYHQ DV

D IXQFWLRQ RI WKH GLVWDQFH IURP WKH WHVW FKDUJH E\�

Y�U�  
T
Y�R � �j�U�� ������

6LQFH DQJXODU PRPHQWXP LV FRQVHUYHG� D SDUWLFOH ZLWK LPSDFW SDUDPHWHU E ZLOO KDYH D

GLVWDQFH RI FORVHVW DSSURDFK JLYHQ E\�

UPLQ  
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Y�UPLQ�
 

EYRS
Y�R � �j�UPLQ�

� ������



��

�6HH )LJXUH ����� 7KLV GLVWDQFH RI FORVHVW DSSURDFK GHnQHV D VSKHUH FHQWHUHG RQ WKH WHVW

FKDUJH LQ WKH FDVH RI D WKUHH GLPHQVLRQDO SHUWXUEDWLRQ DQG D FLUFOH FHQWHUHG RQ WKH WHVW

FKDUJH LQ WKH FDVH RI D WZR GLPHQVLRQDO SHUWXUEDWLRQ� $Q\ SDUWLFOH ZKLFK KDV DQ LPSDFW

OHVV WKDQ E ZLOO FURVV WKLV VSKHUH RU FLUFOH� 7R nQG WKH GHQVLW\ DV D IXQFWLRQ RI GLVWDQFH IURP

WKH SHUWXUEDWLRQ� ZH GHWHUPLQH WKH oX[ RI SDUWLFOHV ZLWK LPSDFW SDUDPHWHU OHVV WKDQ E DQG

HTXDWH WKLV WR WKH oX[ RI SDUWLFOHV FURVVLQJ UPLQ� 7KLV ZLOO SURYLGH D UHODWLRQ EHWZHHQ WKH

GHQVLW\ RI SDUWLFOHV DW LQnQLW\ DQG WKH GHQVLW\ RI SDUWLFOHV DW UPLQ�

:H QRZ FRQVLGHU DOO WKH SDUWLFOHV ZLWK YHORFLW\ PDJQLWXGH YR �HmHFWLYHO\ DYHUDJLQJ

RYHU DOO GLUHFWLRQV�� :H ZLVK WR nQG WKH QXPEHU RI WKHVH SDUWLFOHV ZKLFK DUH LQFLGHQW RQ

WKH VXUIDFH GHnQHG E\ UPLQ �H� J� WKH VSKHUH RI UDGLXV UPLQ LQ WKH FDVH RI WKUHH GLPHQVLRQV�

SHU XQLW WLPH LQ WHUPV RI WKH GHQVLW\ DW WKLV VXUIDFH�

1 �UPLQ� YR�  
Q�UPLQ� YR�

�
KY"�UPLQ�L$U�UPLQ�� ������

ZKHUH $U�UPLQ� LV WKH DUHD RU OHQJWK GHnQHG E\ WKH GLVWDQFH RI FORVHVW DSSURDFK� UPLQ� DQG

KY"L LV WKH DYHUDJH FRPSRQHQW RI WKH YHORFLW\ RI WKH SDUWLFOHV SHUSHQGLFXODU WR WKH VSKHUH RU
FLUFOH IRU DOO SDUWLFOHV ZLWK LQLWLDO YHORFLW\ YR� 6LQFH WKH WUDMHFWRU\ RI HDFK RI WKHVH SDUWLFOHV

PXVW KDYH RULJLQDWHG DW D SRLQW ZLWK LPSDFW SDUDPHWHU OHVV WKDQ E� 1 �UPLQ� YR� PXVW DOVR

EH JLYHQ E\�

1 �UPLQ� YR�  QR�YR�YR$E�E� ������

ZKHUH $E�E� LV WKH VXUIDFH DUHD RU OHQJWK GHnQHG E\ WKH LPSDFW SDUDPHWHU E� :H FDQ

QRZ VROYH WKHVH HTXDWLRQV IRU Q�UPLQ� YR� JLYHQ WKH DSSURSULDWH H[SUHVVLRQV IRU KY"�UPLQ�L�
$U�UPLQ�� DQG $E�E�� IRU WZR DQG WKUHH GLPHQVLRQV�

,Q WZR GLPHQVLRQV�

KY"�UPLQ�L  KY�UPLQ� c AQL  Y�UPLQ� c
5 { �
b{ � FRV�t�Gt5 { �

b{ � Gt
 
�

{
c Y�UPLQ�� ������

$U�UPLQ�  �{UPLQ� ������

DQG

$E�E�  �E� ������

6XEVWLWXWLQJ WKHVH LQWR HTXDWLRQV ���� DQG ���� JLYHV

QR�YR�YR c ��E�  Q�UPLQ� YR�

�

t
�

{
c Y�UPLQ�

u
�{UPLQ� ������
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7KHUHIRUH�
Q�U� YR�

QR�YR�
 

EYR
UY�U�

 � ������

E\ DQJXODU PRPHQWXP FRQVHUYDWLRQ >��@� 7KHUHIRUH� IRU HYHU\ LQLWLDO YHORFLW\� WKH GHQVLW\ RI

WKH XQWUDSSHG SDUWLFOHV GRHV QRW FKDQJH� 7KH WUDSSHG FKDUJH ZLOO EH D YHU\ GLmHUHQW VWRU\�

%\ DQDORJ\ WR WKH PHWKRG LQ VHFWLRQ ���� IRU VORZO\ DSSOLHG SHUWXUEDWLRQV� WKH WUDSSHG

FKDUJH ZLOO EH HTXDO WR

Q7  QR

= S
�j

�
I���YGY  QR

= S�j
�

YGY  QRj ������

VR� WKH QHW FKDUJH GHQVLW\ LQ WKH SHUWXUEDWLRQ UHJLRQ ZLOO EH

Q�j�  QR�� � j�� ������

6XEVWLWXWLQJ WKLV LQWR WKH 3RLVVRQ HTXDWLRQ LQ F\OLQGULFDO FRRUGLQDWHV JLYHV

�

U

#

#U
U
#j

#U
 
�

w'
�� �j� � ������

7KH H[DFW VHOI FRQVLVWHQW VROXWLRQ RI WKH SRWHQWLDO HTXDWLRQ LV

j�U�  jR.R

t
U

w'

u
� ������

ZKHUH .R LV D PRGLnHG %HVVHO IXQFWLRQ� 7KLV VROXWLRQ LV NQRZQ WR EH WKH VROXWLRQ WR WKH

OLQHDUL]HG 'HE\H UHODWLRQ LQ WKH OLPLW RI VPDOO j >��@� ,Q WKH FDVH RI DGLDEDWLF� �RU G\QDPLF�

VKLHOGLQJ� KRZHYHU� LW LV H[DFW�

,Q WKH FDVH RI D WKUHH GLPHQVLRQDO SRWHQWLDO� WKH RUELW EHQGLQJ LV HYHQ PRUH SUR�

QRXQFHG� ,Q IDFW� LQ WKUHH GLPHQVLRQV� WKH SHUWXUEDWLRQ FDQ EH VKLHOGHG HYHQ ZLWKRXW

WUDSSHG FKDUJH ^ WKH GHQVLW\ RI WKH SDUWLFOHV RQ XQWUDSSHG RUELWV LQFUHDVHV DV WKH SHUWXUED�

WLRQ SRWHQWLDO LQFUHDVHV� )ROORZLQJ WKH PHWKRG RI HTXDWLRQV ��������� LW FDQ EH VKRZQ WKDW

IRU DQ LQLWLDO YHORFLW\ YR� WKH GHQVLW\ LV

Q�U� YR�

QR�YR�
 

S
Y�R � �j�U�

YR
� ������

7R nQG WKH UHVSRQVH RI D SODVPD WR WKH SHUWXUEDWLRQ� ZH VXP WKH FRQWULEXWLRQV RI HDFK

YHORFLW\ >��@� 7KLV JLYHV DQ XQWUDSSHG �RU ?IUHH�� FKDUJH GHQVLW\ RI�

Q) �j�U��

QR
 
= �

�

Q�U� YR�

QR�YR�
I�YR�G

�YR  
= �
�

S
Y�R � �j�U�

YR
I�YR�G

�YR ������
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6LQFH Q) GHSHQGV RQ U RQO\ WKURXJK j ZH FDQ ZULWH

Q) �j�

QR
 

= �
�

S
Y�R � �j

YR
I�YR�G

�YR  H[S�j�HUIF
rS
j
s
� �

T
j { ������

LI ZH DVVXPH WKDW WKH SODVPD LV 0D[ZHOOLDQ DW LQnQLW\� :H WKHQ DGG WKH FRQWULEXWLRQ RI

WKH WUDSSHG FKDUJH� DV EHIRUH�

Q7 �j�

QR
 
= S�j
�

I���G�Y  
�

�
S
{
�j�� �� ������

7KRXJK WKLV WUDSSHG FKDUJH LV XQLPSRUWDQW IRU VPDOO YDOXHV RI j LW EHFRPHV WKH GRPLQDQW

FRQWULEXWLRQ ZKHQ j ! �� 7KH WRWDO FKDUJH LV WKHUHIRUH

Q�j�

QR
 H[S�j�HUIF

rS
j
s
� �

T
j { �

�

�
S
{
�j�� �� ������

8QOLNH WKH WZR GLPHQVLRQDO FDVH� WKH VHOI FRQVLVWHQW VROXWLRQ PXVW EH FRPSXWHG QX�

PHULFDOO\� $V LQ WKH WZR GLPHQVLRQDO FDVH WKH DGLDEDWLF VROXWLRQ GLmHUV IURP WKH HTXLOLEULXP

FDVH RQO\ LQ WKH QRQ�OLQHDU OLPLW�

��� 2QH 'LPHQVLRQDO 3ODVPDV RI )LQLWH /HQJWK

7KH UHVXOWV RI WKH SUHYLRXV VHFWLRQV KDYH DOO UHTXLUHG WKH DVVXPSWLRQ WKDW WKH

SHUWXUEDWLRQ GRHV QRW DmHFW WKH YHORFLW\ GLVWULEXWLRQ IXQFWLRQ RI WKH EXON SODVPD� 7KLV

LV WUXH LQ WKH FDVH RI DQ LQnQLWH OHQJWK SODVPD� EXW LQ VRPH VLWXDWLRQV� LQFOXGLQJ WKH H[�

SHULPHQWV GLVFXVVHG LQ &KDSWHU �� WKH SODVPD KDV D nQLWH OHQJWK� 7KLV LPSOLHV WKDW WKH

GLVWULEXWLRQ IXQFWLRQ RI WKH SODVPD SDUWLFOHV ERWK LQVLGH DQG RXWVLGH WKH SHUWXUEDWLRQ FDQ

EH VXEVWDQWLDOO\ PRGLnHG E\ LWV SUHVHQFH� :H PXVW WKHUHIRUH H[DPLQH ERWK SDUWV RI WKH

RUELW�

$V LQ 6HFWLRQ ���� ZH ZLOO DVVXPH WKDW WKH SHUWXUEDWLRQ LV DSSOLHG VORZO\ RQ WKH

WLPH VFDOH RI WKH RUELWDO PRWLRQ RI WKH SDUWLFOHV� ZKLFK� LQ WKH RQH GLPHQVLRQDO FDVH� LV

VLPSO\ WKH ERXQFH WLPH� ,I WKLV LV WKH FDVH� WKH WRWDO DFWLRQ RI WKH RUELW�

-  

,
Y]G] ������

LV DQ DGLDEDWLF LQYDULDQW� 7KLV PHDQV WKDW ZH FDQ XVH - WR ODEHO WKH RUELWV LQ D PDQQHU WKDW

LV LQGHSHQGHQW RI WKH GHSWK RI WKH ZHOO� DQG WKHUHIRUH LQGHSHQGHQW RI WLPH� &RQVHTXHQWO\� LI

WKH SDUWLFOH GLVWULEXWLRQ FDQ EH ZULWWHQ LQ WHUPV RI - LW ZLOO EH LQGHSHQGHQW RI WKH ZHOO GHSWK�
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)LJXUH ���� 7KH GHIRUPDWLRQ RI D SKDVH VSDFH RUELW ZLWK LQFUHDVLQJ SHUWXUEDWLRQ VWUHQJWK�
7KH SHUWXUEDWLRQ LV LQFUHDVLQJ IURP WRS WR ERWWRP� 1RWH WKDW WKH WRWDO SKDVH VSDFH DUHD RI
WKH RUELW LV FRQVHUYHG�
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)RU VLPSOLFLW\� ZH ZLOO DVVXPH WKDW WKH SHUWXUEDWLRQ IRUPV D VTXDUH ZHOO� 7KH SDUWLFOH SKDVH

VSDFH RUELW ZLOO GHIRUP DV VKRZQ LQ )LJXUH ���� *LYHQ D SDUWLFOH ZLWK XQSHUWXUEHG YHORFLW\

YR� WKH LQYDULDQFH RI - LPSOLHV WKDW

YR  CYLQ � ��b C�YRXW ������

ZKHUH YLQ LV WKH SDUWLFOH YHORFLW\ LQVLGH WKH ZHOO� YRXW LV WKH SDUWLFOH YHORFLW\ RXWVLGH WKH ZHOO

DQG C  /ZHOO /WRW LV WKH IUDFWLRQDO VL]H RI WKH SHUWXUEDWLRQ� 1RWH WKDW VLQFH YR LV GHnQHG WR

EH WKH SDUWLFOH YHORFLW\ EHIRUH WKH ZHOO LV DSSOLHG� LW LV DOVR D ODEHO IRU WKH RUELWV ZKLFK GRHV

QRW GHSHQG RQ WKH ZHOO GHSWK� 7KHUHIRUH LI WKH LQLWLDO GLVWULEXWLRQ IXQFWLRQ IR�YR� LV NQRZQ�

(TXDWLRQ ���� FDQ EH XVHG WR nQG WKH GLVWULEXWLRQ IXQFWLRQ LQ WHUPV RI WKH ZHOO GHSWK LI D

UHODWLRQ EHWZHHQ YLQ DQG YRXW FDQ EH IRXQG� 6LQFH WKH ZHOO GHSWK FKDQJHV YHU\ VORZO\ RQ DQ

RUELWDO WLPH VFDOH� HQHUJ\ LV FRQVHUYHG RQ D VLQJOH RUELW� YLQ DQG YRXW DUH UHODWHG E\

Y�RXW  Y�LQ b �j ������

ZH FDQ QRZ XVH HTXDWLRQV ���� DQG ���� WR nQG WKH YHORFLWLHV DIWHU WKH SHUWXUEDWLRQ LV DSSOLHG

LQ WHUPV RI WKH YHORFLW\ EHIRUH WKH SHUWXUEDWLRQ LV DSSOLHG DQG WKH VL]H RI WKH SHUWXUEDWLRQ�

YR  YR�YLQ�RXW��j�� 6LQFH YR GRHV QRW GHSHQG RQ ZHOO GHSWK� ZH FDQ nQG WKH GLVWULEXWLRQ

IXQFWLRQV DIWHU WKH SHUWXUEDWLRQ LV DSSOLHG LQ WHUPV RI WKH GLVWULEXWLRQ IXQFWLRQ EHIRUH WKH

SHUWXUEDWLRQ LV DSSOLHG�

ILQ�RXW��YLQ�RXW��  IR�YR�YLQ�RXW��j�� ������

$V LQ 6HFWLRQ ��� WKLV GRHV QRW WDNH LQWR DFFRXQW WKH WUDSSHG RUELWV� 7KH ERXQFH

DFWLRQ IRUPDOLVP DOORZV WKLV WR EH FDOFXODWHG DV ZHOO� $V WKH SRWHQWLDO ZHOO GHHSHQV� WKH

ERXQFH LQYDULDQW UHTXLUHV WKDW WKH SDUWLFOHV RXWVLGH WKH ZHOO ORVH HQHUJ\� (TXDWLRQV ����

DQG ���� LPSO\ WKDW

YR  C �YRXW � �j�
� � � ��b C�YRXW� ������

,W LV FOHDU IURP WKH DERYH HTXDWLRQ WKDW ZKHQ j  Y�R �C
�� YRXW  � DQG WKXV WKH SDUWLFOH

ZLOO EH WUDSSHG� $W WKH LQVWDQW RI WUDSSLQJ� (TXDWLRQ ���� LPSOLHV WKDW YR  CYLQ� 6LQFH WKH

RUELW SRSXODWLRQV GR QRW FKDQJH DIWHU WKH\ KDYH EHHQ WUDSSHG� WKLV ZLOO UHPDLQ WUXH DIWHU

WUDSSLQJ� 7KH GLVWULEXWLRQ IXQFWLRQ LV

IR
r
C �YRXW � �j�

� � � ��b C�YRXW
s

������
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RXWVLGH WKH SHUWXUEDWLRQ UHJLRQ� DQG

IR �CYLQ� IRU YLQ �
S
�j ������

IR

t
CYLQ � ��b C�

r
Y�LQ b �j

s� �u
IRU YLQ !

S
�j ������

LQVLGH WKH SHUWXUEDWLRQ UHJLRQ DQG LV VKRZQ LQ )LJXUH ���

7KH SDUWLFOH GHQVLWLHV FDQ EH IRXQG E\ LQWHJUDWLQJ WKLV GLVWULEXWLRQ IXQFWLRQ� )RU

D 0D[ZHOOLDQ LQLWLDO GLVWULEXWLRQ� WKH WUDSSHG FKDUJH FDQ EH IRXQG DQDO\WLFDOO\�

Q7 �j�  
�

�b C
HUI

r
��b C�

S
j
s

������

EXW WKH SDVVLQJ FKDUJH GHQVLW\ DQG WKH GHQVLW\ RXWVLGH WKH ZHOO PXVW EH IRXQG QXPHULFDOO\�

2QFH WKH GHQVLWLHV KDYH EHHQ REWDLQHG DV D IXQFWLRQ RI j D VHOI FRQVLVWHQW VROXWLRQ FDQ EH

IRXQG�

7KH SUREOHP RI D QHJDWLYH SRWHQWLDO �D SRWHQWLDO KLOO� LV HVVHQWLDOO\ WKH VDPH DV WKH

SUREOHP RI D SRVLWLYH SRWHQWLDO� 7KH UHJLRQV LQVLGH DQG RXWVLGH WKH SHUWXUEDWLRQ DUH VLPSO\

H[FKDQJHG� WKH SRWHQWLDO LV LQYHUWHG DQG WKH SUREOHP VROYHG E\ WKH PHWKRGV DERYH� 7KLV LV

SRVVLEOH EHFDXVH WKH ]HUR RI SRWHQWLDO LV DUELWUDU\� VR LQ D nQLWH SODVPD� D SRWHQWLDO KLOO LV

H[DFWO\ HTXLYDOHQW WR D SRWHQWLDO ZHOO LQ WKH UHJLRQ H[FOXGHG E\ WKH SHUWXUEDWLRQ�

��� 2QH 'LPHQVLRQDO 3ODVPDV RI )LQLWH 5DGLXV

2QH NH\ DVVXPSWLRQ WKDW ZHQW LQWR WKH GHULYDWLRQ RI WKH VHOI FRQVLVWHQW HTXDWLRQ

IRU WKH SRWHQWLDO �(TXDWLRQ ����� LV WKDW WKH SHUWXUEDWLRQ WDNHV WKH IRUP RI D SODQH FKDUJH�

+RZHYHU� RXU WUDS� WKRXJK LW PD\ KDYH VWURQJ PDJQHWLF nHOGV� DQG WKXV RQH GLPHQVLRQDO

EHKDYLRU� KDV D nQLWH VL]H LQ WKH GLUHFWLRQ SHUSHQGLFXODU WR WKH PDJQHWLF nHOG� 7KH LGHDV RQ

RQH GLPHQVLRQDO SDUWLFOH WUDSSLQJ SUHVHQWHG DERYH FDQ EH HDVLO\ PRGLnHG WR WUHDW WKLV FDVH�

7KH FDVH ZH ZLOO H[DPLQH LV DQ LQnQLWHO\ ORQJ F\OLQGULFDO SODVPD RI nQLWH UDGLXV� FRQnQHG

ZLWKLQ D F\OLQGULFDO FRQGXFWLQJ ERXQGDU\� 7KH GLmHUHQFHV ZLWK WKH LQnQLWH FDVH DULVH PDLQO\

LQ HVWDEOLVKLQJ VHOI FRQVLVWHQF\ WR WKH VROXWLRQ� ,Q WKH FDVH RI D nQLWH UDGLXV SODVPD� WKH

H[DFW VROXWLRQ WR WKH 3RLVVRQ HTXDWLRQ EHFRPHV FRPSOLFDWHG E\ WKH ERXQGDU\ FRQGLWLRQV�

:H ZLOO VLPSOLI\ WKH SUREOHP E\ PDNLQJ DUJXPHQWV DERXW WKH IRUP WKDW WKH VROXWLRQ PXVW

WDNH�

(YHQ WKRXJK WKH SDUWLFOHV DUH VWURQJO\ PDJQHWL]HG� DQG WKXV WLHG WR nHOG OLQHV�

WKH SDUWLFOHV ZLOO LQ JHQHUDO UHVSRQG GLmHUHQWO\ DORQJ nHOG OLQHV DW GLmHUHQW SRVLWLRQV� 7KLV
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)LJXUH ���� 6HOI�FRQVLVWHQW GLVWULEXWLRQ IXQFWLRQV IRU DQ DSSOLHG ZHOO YROWDJH RI jZ  ����
/LQH D LV WKH 0D[ZHOOLDQ GLVWULEXWLRQ IRU DQ LQnQLWH OHQJWK SODVPD� OLQH E LV G\QDPLF GLVWUL�
EXWLRQ IXQFWLRQ IRU DQ LQnQLWH OHQJWK SODVPD� OLQHV F DQG F

� DUH WKH G\QDPLF GLVWULEXWLRQV
LQVLGH DQG RXWVLGH WKH ZHOO IRU WKH UDWLR C  ���� OLQH G LV WKH LQVWDQWDQHRXV GLVWULEXWLRQ IRU
DQ LQnQLWH OHQJWK SODVPD� DQG OLQH H LV WKH LQLWLDO 0D[ZHOOLDQ GLVWULEXWLRQ EHIRUH WKH ZHOO
LV DSSOLHG �RYHUODLG E\ OLQH G IRU VPDOO Y�� +HUH &  � �VHH 6HFWLRQ ����DQG WKH VKLHOGLQJ
HpFDFLHV DUH ����� ����� ����� DQG ���� IRU OLQHV D� E� F� DQG G UHVSHFWLYHO\� 1RWH WKDW OLQH G
LV OLNHO\ WR EH XQVWDEOH�
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ZRXOG VXJJHVW WKDW D KLJKHU GLPHQVLRQDO PRGHO FRPELQLQJ WKH RQH GLPHQVLRQDO UHVSRQVH RI

WKH SDUWLFOHV DORQJ nHOG OLQHV ZLWK WKH UDGLDO GLVWULEXWLRQ RI WKH nHOG OLQHV ZRXOG EH WKH PRVW

UHOLDEOH PRGHO RI WKH VLWXDWLRQ� +RZHYHU� LQ PDQ\ FDVHV LW LV VXpFLHQW WR DYHUDJH RYHU WKH

UHVSRQVHV RI WKH GLmHUHQW nHOG OLQHV� DQG DVVXPH WKDW DOO WKH HOHFWURQV UHVSRQG WR WKH VDPH

DYHUDJH SRWHQWLDO� 7KLV PRGHO LPSOLFLWO\ DVVXPHV WKDW WKH UDGLXV RI WKH SODVPD LV PXFK

VPDOOHU WKDQ WKH UDGLXV RI WKH FRQGXFWLQJ ERXQGDU\� 7KLV SRWHQWLDO ZLOO KDYH FRPSRQHQWV

GXH ERWK WR WKH H[WHUQDO SHUWXUEDWLRQ DQG WR WKH VSDFH FKDUJH RI WKH SODVPD ZKLFK UHVSRQGV

WR LW�

j  jZ �cjS�j� ������

:KHUH jZ LV WKH H[WHUQDO SRWHQWLDO ZHOO DQG cjS LV WKH GLmHUHQFH LQ VSDFH FKDUJH SRWHQWLDO

LQVLGH DQG RXWVLGH WKH ZHOO UHJLRQ WKDW UHVXOWV IURP FKDQJHV LQ WKH SODVPD GHQVLW\� L� H�

cjS�j�  K��j� U�b ��jjZ �� U�LU ������

ZKHUH ��j� U� LV WKH VSDFH FKDUJH SRWHQWLDO RI WKH SODVPD DV D IXQFWLRQ RI ERWK QHW SRWHQWLDO

DQG UDGLXV� ��jjZ �� U� LV WKLV TXDQWLW\ ZKHQ WKH H[WHUQDOO\ DSSOLHG SRWHQWLDO jZ  �� DQG

KLU GHQRWHV DQ DYHUDJH RYHU VSDWLDO SRVLWLRQ ZHLJKWHG E\ WKH SODVPD GHQVLW\�
6LQFH ��j� U� LV D VROXWLRQ RI WKH �OLQHDU� 3RLVVRQ HTXDWLRQ� cjS�j� PXVW EH D

OLQHDU IXQFWLRQ RI WKH GHQVLW\�

cjS�j�  &

�
Q�j�

QR
b �

w
������

ZKHUH & LV D FRQVWDQW ZKLFK LV HTXDO WR WKH ZHLJKWHG DYHUDJH RI WKH VSDFH FKDUJH SRWHQWLDO

RI WKH SODVPD EHIRUH WKH SHUWXUEDWLRQ LV DSSOLHG�

&  

= 5ERXQGDU\

�
Q�U���jjZ �� U�UGU= 5ERXQGDU\

�
Q�U�UGU

� ������

1RWH WKDW & LV DOVR D QRUPDOL]HG TXDQWLW\� WKXV WKH TXDQWLW\ &N7 H ZLOO KDYH XQLWV RI YROWV�

DQG ZLOO EH HTXDO WR WKH DYHUDJH HOHFWURVWDWLF SRWHQWLDO WKDW D SDUWLFOH LQ DQ XQSHUWXUEHG

SODVPD VHHV�

7KH FRPSOHWH VHOI FRQVLVWHQW UHVSRQVH WR WKH SHUWXUEDWLRQ FDQ QRZ EH IRXQG E\

VROYLQJ (TXDWLRQV ���� DQG ���� VLPXOWDQHRXVO\�

$V DQ H[DPSOH RI KRZ WKH VHOI FRQVLVWHQW VROXWLRQ PLJKW EH REWDLQHG IRU D SODVPD

RI nQLWH UDGLXV� ZH ZLOO VROYH IRU LW LQ WKH OLQHDU OLPLW� 5HFDOO WKDW LQ WKH OLQHDU OLPLW� WKH



��

HTXLOLEULXP DQG DGLDEDWLF FDVHV ZHUH WKH VDPH� QDPHO\�

Q�j�  QR �� � j� ������

7KHUHIRUH WKH SUREOHP FDQ EH HDVLO\ VROYHG DSSUR[LPDWHO\ IRU VPDOO j� 6XEVWLWXWLQJ�

j { jZ �&j� ������

7KHUHIRUH� LQ WKH OLQHDU OLPLW�

j { jZ

� � M&M ������

IRU ERWK WKH HTXLOLEULXP DQG G\QDPLF FDVHV� 6LQFH & LV WKH QRUPDOL]HG VSDFH FKDUJH SRWHQ�

WLDO� LW FDQ EH DSSUR[LPDWHO\ ZULWWHQ

& { H9S
N7

������

ZKHUH 9S LV WKH SRWHQWLDO LQ WKH FHQWHU RI WKH XQSHUWXUEHG SODVPD LQ WKH FDVH RI D QRQ�QHXWUDO

SODVPD� 7KXV WKH VHOI FRQVLVWHQW VROXWLRQ IRU j LQ WKH OLQHDU OLPLW LV

j { �

� � H9S N7
� ������

7KH TXDQWLW\ �bj jZ RU ?VKLHOGLQJ HpFDF\� LV SORWWHG IRU VHYHUDO GLmHUHQW W\SHV

RI VHOI FRQVLVWHQW VROXWLRQV LQ )LJXUHV ��� DQG ���� ,Q WKHVH GLDJUDPV� FRPSOHWH VKLHOGLQJ

FRUUHVSRQGV WR D VKLHOGLQJ HpFDF\ RI RQH� ZKLOH QHJDWLYH YDOXHV FRUUHVSRQG WR DQWL�VKLHOGLQJ�

7KH VHOI FRQVLVWHQW VROXWLRQ WR WKH FDVH ZKHUH WKHUH LV QR WUDSSHG FKDUJH �DQWL�

VKLHOGLQJ� GHVHUYHV VRPH VSHFLDO DWWHQWLRQ� ,Q WKLV FDVH� ZH KDYH
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7R ORZHVW RUGHU� WKLV EHFRPHV
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ZKLFK KDV WZR VROXWLRQV� ,Q WKH OLPLW jZ  � WKHVH DUH WKH WULYLDO VROXWLRQ� j  �� DQG D

VHOI VXVWDLQLQJ SKDVH VSDFH FDYLW\ VROXWLRQ� j  �&� {�� 7KLV RFFXUV ZKHQ D KROH LV IRUPHG

LQ SKDVH VSDFH� L�H� ZKHQ WKH WUDSSHG RUELWV LQ nJXUH ��� DUH XQnOOHG� 6XFK SKDVH VSDFH

FDYLWLHV KDYH EHHQ REVHUYHG H[SHULPHQWDOO\ >��� ��@ DQG LQ SDUWLFOH�LQ�FHOO VLPXODWLRQV >��@�

7KHVH REVHUYDWLRQV ZLOO EH GLVFXVVHG IXUWKHU LQ &KDSWHU ��
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&RPSOHWHO\ 7UDSSHG)LQLWH '\QDPLF

,QILQLWH
'
HE\H

,QILQLWH '\QDPLF

)LQLWH 'HE\H

,QVWDQWD
QHRXV

)LJXUH ���� ?6KLHOGLQJ HpFDF\� �bj jZ YV� WHPSHUDWXUH 7 � IRU 9Z  ��9 DQG &N7 H  �
9ROWV� &XUYHV DUH VKRZQ IRU LQnQLWH OHQJWK 'HE\H DQG G\QDPLF WKHRU\� nQLWH OHQJWK �C  ����
'HE\H DQG G\QDPLF WKHRU\� WKH OLQHDU DSSUR[LPDWLRQ� DQG WKH FDVH ZKHUH WKHUH LV QR WUDSSHG
FKDUJH �DQWL�VKLHOGLQJ��
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&RPSOHWHO\ 7UDSSHG

)LQLWH '\QDPLF

,QI
LQLW

H 'HE\
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,QILQLWH '\QDPLF

)LQLWH 'HE\H
,QVWDQWDQHRXV

)LJXUH ���� ?6KLHOGLQJ HpFDF\� � b j jZ YV� DSSOLHG ZHOO YROWDJH 9Z DW 7  �H9� )RU
WXWRULDO UHDVRQV� WKH GHQVLW\ FRQVWDQW & LV JLYHQ WKH UHODWLYHO\ VPDOO YDOXH &  �� &XUYHV
DUH VKRZQ IRU LQnQLWH OHQJWK 'HE\H DQG G\QDPLF WKHRU\� nQLWH OHQJWK �C  ���� 'HE\H
DQG G\QDPLF WKHRU\� WKH OLQHDU DSSUR[LPDWLRQ� DQG DQWL�VKLHOGLQJ� 1RWH WKDW WKH HpFDF\
GHFUHDVHV LQ nQLWH OHQJWK SODVPDV DV WKH VXSSO\ RI IUHH�HOHFWURQV LV H[KDXVWHG DW ODUJH 9Z�
DQG DSSURDFKHV WKH ?&RPSOHWHO\ 7UDSSHG� LQ WKH ZHOO FXUYH�
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��� ,QVWDQWDQHRXV 7UDSSLQJ

3UHYLRXV VHFWLRQV KDYH FRQVLGHUHG SHUWXUEDWLRQV ZKLFK RFFXU RQ FROOLVLRQDO WLPH

VFDOHV DQG SHUWXUEDWLRQV ZKLFK RFFXU RQ WLPH VFDOHV ZKLFK DUH ORQJ FRPSDUHG WR WKH RUELWDO

PRWLRQ RI WKH SDUWLFOHV� 7KHVH W\SHV RI SHUWXUEDWLRQV DUH QRW WKH RQO\ W\SHV ZKLFK FDQ WUDS

SDUWLFOHV� KRZHYHU� 3DUWLFOH WUDSSLQJ� DQG WKHUHIRUH VKLHOGLQJ� FDQ DOVR RFFXU IRU SHUWXUED�

WLRQV ZKLFK DUH FUHDWHG VR TXLFNO\ WKDW WKH SDUWLFOHV DUH HmHFWLYHO\ VWDWLRQDU\ GXULQJ WKH

SURFHVV� :H UHIHUUHG WR WKLV SURFHVV HDUOLHU DV ?LQVWDQWDQHRXV��

,PPHGLDWHO\ DIWHU VXFK D SHUWXUEDWLRQ� WKH GHQVLW\ LQ WKH SHUWXUEDWLRQ UHJLRQ ZLOO

EH XQFKDQJHG EHFDXVH WKH SDUWLFOHV ZLOO QRW KDYH KDG WLPH WR PRYH� +RZHYHU� WKH SRWHQWLDO

HQHUJ\ RI WKHVH SDUWLFOHV ZLOO QRZ EH GLmHUHQW� 6RPH RI WKHVH SDUWLFOHV ZLOO QRZ KDYH ORVW

HQRXJK HQHUJ\ WR EHFRPH WUDSSHG� 7KRVH WKDW DUH QRW WUDSSHG ZLOO oRZ RXW RI WKH ZHOO

UHJLRQ DQG EH UHSODFHG E\ SDUWLFOHV IURP WKH XQSHUWXUEHG SODVPD� 6LQFH WKH SKDVH VSDFH

GHQVLW\ RI WKH SDUWLFOHV RQ WKH XQWUDSSHG RUELWV LV ODUJHU RXWVLGH WKH ZHOO WKDQ LQVLGH WKH

ZHOO� WKH GHQVLW\ RI SDUWLFOHV ZLOO LQFUHDVH VRPHZKDW� 7KLV PL[LQJ LV D FRPSOLFDWHG SURFHVV

DQG FDQ RQO\ EH VWXGLHG QXPHULFDOO\� +RZHYHU� VRPH LQVLJKW FDQ EH JDLQHG IURP DQ DQDO\WLF

WUHDWPHQW EDVHG RQ VRPH VLPSOLI\LQJ DVVXPSWLRQV�

:H ZLOO EHJLQ E\ DVVXPLQJ WKDW WKH SHUWXUEDWLRQ IRUPV D VTXDUH ZHOO� 6LQFH WKH

SHUWXUEDWLRQ LV IRUPHG RQ D WLPH VFDOH ZKLFK LV LQVWDQWDQHRXV� WKH SKDVH VSDFH GLVWULEXWLRQ

IXQFWLRQ RI WKH WUDSSHG SDUWLFOHV LV XQFKDQJHG� 7KHUHIRUH� LI ZH DVVXPH WKDW WKH SDUWLFOHV

DUH LQLWLDOO\ 0D[ZHOOLDQ� WKHQ WKH GLVWULEXWLRQ RI WUDSSHG SDUWLFOHV ZLOO EH
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LPPHGLDWHO\ DIWHU WKH SHUWXUEDWLRQ LV FUHDWHG� 7KRXJK ZH KDYH QR D SULRUL UHDVRQ WR GR

VR� ZH ZLOO DVVXPH WKDW WKHUH DUH QR RWKHU SURFHVVHV ZKLFK WUDS FKDUJH� 7KRXJK ZH FDQ

QRW UXOH RXW WUDSSLQJ GXH WR LQVWDELOLWLHV� WKHUH LV VRPH HYLGHQFH IURP FRPSXWHU VLPXODWLRQV

>��@ WKDW LQGLFDWHV WKDW WKLV DVVXPSWLRQ LV QRW DV SUREOHPDWLF DV LW PD\ VHHP� :H ZLOO

DOVR DVVXPH WKDW WKH SODVPD LV LQnQLWH LQ OHQJWK DQG WKDW WKH XQWUDSSHG SDUWLFOHV ZKLFK

DUH LQLWLDOO\ LQ WKH ZHOO DUH FRPSOHWHO\ UHSODFHG E\ SDUWLFOHV ZKRVH RUELWV FRQQHFW WR D

0D[ZHOOLDQ GLVWULEXWLRQ DW LQnQLW\� 7KXV WKH GLVWULEXWLRQ RI XQWUDSSHG SDUWLFOHV ZLOO EH WKH

VDPH DV WKH GLVWULEXWLRQ LQ (TXDWLRQ ���� 7KHUHIRUH�
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1RWH WKDW WKH FRPSOHWHG GLVWULEXWLRQ KDV D SRVVLEO\ XQVWDEOH FXVS �VHH )LJXUH ����� ,QWH�

JUDWLQJ RYHU WKLV GLVWULEXWLRQ JLYHV
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7KLV UHVXOW FDQ WKHQ EH XVHG ZLWK WKH 3RLVVRQ HTXDWLRQ IRU WKH FDVH RI DQ LQnQLWH SODQH

SHUWXUEDWLRQ� RU (TXDWLRQ ���� IRU D SODVPD RI nQLWH UDGLXV� WR nQG WKH VHOI FRQVLVWHQW

UHVSRQVH RI WKH SODVPD WR D SHUWXUEDWLRQ�

:H VHH IURP (TXDWLRQ ���� WKDW LQ WKH OLQHDU OLPLW� WKH LQVWDQWDQHRXV VKLHOGLQJ

UHVXOW LV LGHQWLFDO WR WKH DGLDEDWLF DQG HTXLOLEULXP UHVXOWV� 7KH QRQ�OLQHDU UHVSRQVH� KRZ�

HYHU� LV IDU ZHDNHU� WKLV LV LOOXVWUDWHG LQ )LJXUHV ��� DQG ���� ,Q SDUWLFXODU� ERWK G\QDPLF

�RU DGLDEDWLF� DQG 'HE\H VKLHOGLQJ DUH PRVW HmHFWLYH DW ORZ WHPSHUDWXUH� LQVWDQWDQHRXV

VKLHOGLQJ� RQ WKH RWKHU KDQG� EHKDYHV YHU\ GLmHUHQWO\� 7R LOOXVWUDWH� ZH ZLOO ORRN DW WKH

ORZ WHPSHUDWXUH OLPLW RI (TXDWLRQ ����� 6LQFH LQ WKH SUHYLRXV GLVFXVVLRQ ZH KDYH QRUPDO�

L]HG SRWHQWLDOV WR WKH WHPSHUDWXUH� WKH OLPLW 7 � � LV HTXLYDOHQW WR j � �� 8VLQJ WKH
DV\PSWRWLF H[SDQVLRQ IRU WKH HUURU IXQFWLRQ�
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7KH VHOI FRQVLVWHQW HTXDWLRQ IRU j LV WKHUHIRUH
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:KLFK JLYHV D VKLHOGLQJ HpFDF\
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7KHUHIRUH� DV 7 � � LQVWDQWDQHRXV VKLHOGLQJ FHDVHV WR KDYH DQ\ HmHFW� 7KLV LV LQ GLUHFW

FRQWUDVW WR '\QDPLF DQG 'HE\H VKLHOGLQJ ZKLFK ZRUN EHVW LQ WKLV OLPLW� 7KLV HmHFW LV HYLGHQW

LQ )LJXUH ���� 7KLV UHVXOW PXVW EH DFFHSWHG ZLWK VRPH FDXWLRQ� KRZHYHU� DV LW LJQRUHV DQ\

LQVWDELOLWLHV FDXVHG E\ WKH PL[LQJ SURFHVV RU WKH FXVSV LQ WKH GLVWULEXWLRQ IXQFWLRQ� 7KHVH

LQVWDELOLWLHV FRXOG GRPLQDWH WKH SODVPD UHVSRQVH�
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��� &RQFOXVLRQV

,Q WKH VHFWLRQV DERYH� ZH KDYH VKRZQ KRZ WKH UHVSRQVH RI D SODVPD WR D SHUWXUED�

WLRQ FDQ EH FDOFXODWHG IRU WKUHH WLPH VFDOHV� :H KDYH DOVR VKRZQ KRZ WKH JHRPHWU\ RI WKH

SODVPD DQG WKH SHUWXUEDWLRQ ZLOO DmHFW WKH nQDO UHVXOW� 7KLV WKHRU\ SURYLGHV XV ZLWK WKH

DELOLW\ WR FDOFXODWH WKH UHVSRQVH RI D SODVPD LQ D ZLGH YDULHW\ RI H[SHULPHQWDO VLWXDWLRQV� ,Q

SDUWLFXODU� WKH WKHRU\ RI G\QDPLF VKLHOGLQJ DSSOLHV WR D ZLGH YDULHW\ RI H[SHULPHQWV ZKLFK

ZHUH SHUIRUPHG RQ WKH 8�&� %HUNHOH\ SXUH HOHFWURQ SODVPD WUDS� 7KLV WUDS� DQG WKH UHDVRQV

ZK\ WKH WKHRULHV GLVFXVVHG LQ WKLV FKDSWHU DSSO\ WR H[SHULPHQWV SHUIRUPHG RQ LW� LV GLVFXVVHG

LQ WKH QH[W FKDSWHU�
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&KDSWHU �

7KH ([SHULPHQW

,Q RUGHU WR VWXG\ WKH VKLHOGLQJ DQG GLVWULEXWLRQ G\QDPLFV RI D SODVPD LW LV QHFHVVDU\

WR KDYH D SODVPD ZKLFK FDQ EH EURXJKW LQWR WKHUPDO HTXLOLEULXP� PDQLSXODWHG RQ WLPH VFDOHV

ERWK VORZHU DQG IDVWHU WKDQ D FROOLVLRQ WLPH� WKDW LV VWDEOH DQG UHSHDWDEOH� DQG IRU ZKLFK

GHQVLW\ DQG YHORFLW\ GLVWULEXWLRQV FDQ EH PHDVXUHG� 3XUH HOHFWURQ SODVPDV WUDSSHG LQ D

3HQQLQJ�0DOPEHUJ WUDS VDWLVI\ WKHVH FULWHULD� ,Q WKLV FKDSWHU ZH ZLOO GHVFULEH 3HQQLQJ�

0DOPEHUJ WUDSV LQ JHQHUDO DQG WKH 8�&� %HUNHOH\ SXUH HOHFWURQ SODVPD WUDS LQ SDUWLFXODU�

:H ZLOO DOVR GHVFULEH WKH SODVPD FRQnQHG LQ WKLV WUDS DQG WKH GLDJQRVWLFV DYDLODEOH WR

PHDVXUH LWV SURSHUWLHV� $W WKH HQG RI WKH FKDSWHU ZH ZLOO GLVFXVV KRZ WKH SURSHUWLHV RI

WKH WUDS DQG WKH SODVPD PDNH LW SRVVLEOH WR SHUIRUP LQWHUHVWLQJ H[SHULPHQWV RQ SODVPD

VKLHOGLQJ�

��� 3HQQLQJ�0DOPEHUJ 7UDSV

$ 3HQQLQJ�0DOPEHUJ WUDS FRQVLVWV RI VHYHUDO �DW OHDVW WKUHH� FROOLPDWHG F\OLQGULFDO

HOHFWURGHV LQ D PDJQHWLF nHOG SDUDOOHO WR WKH D[LV RI WKH F\OLQGHUV� $ VFKHPDWLF RI D 3HQQLQJ�

0DOPEHUJ WUDS LV VKRZQ LQ )LJXUH ���� 7KH WUDSSHG SODVPD FRQVLVWV RI D VLQJOH FKDUJH VSHFLHV

VR LW FDQ EH FRQnQHG D[LDOO\ E\ PDQLSXODWLQJ WKH YROWDJHV RQ WKH HOHFWURGHV� 7KH SODVPD LV

FRQnQHG UDGLDOO\ ZLWK D VWURQJ PDJQHWLF nHOG� 7KH 3HQQLQJ�0DOPEHUJ WUDS GLmHUV IURP WKH

ZHOO NQRZQ K\SHUEROLF 3HQQLQJ WUDS LQ WKDW WKH HOHFWURGHV DUH F\OLQGHUV RI WKH VDPH UDGLXV

DV RSSRVHG WR K\SHUERORLGV RI UHYROXWLRQ� 7KXV WKH WUDS KDV WUDQVODWLRQDO V\PPHWU\ DORQJ

WKH D[LV RI WKH F\OLQGHUV� EXW WKH YDFXXP D[LDO SRWHQWLDO LV QRW JHQHUDOO\ KDUPRQLF� 2QH

H[DPSOH RI WKH D[LDO SRWHQWLDO IRXQG LQ D 3HQQLQJ�0DOPEHUJ WUDS LV VKRZQ LQ )LJXUH ����
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)LJXUH ���� 6LPSOLnHG H[SHULPHQWDO VFKHPDWLF�

7KH SODVPDV FRQnQHG LQ 3HQQLQJ�0DOPEHUJ WUDSV DUH VLQJOH VSHFLHV SODVPDV� DQG

DUH WKHUHIRUH GLmHUHQW IURP RWKHU W\SHV RI ODERUDWRU\ DQG VSDFH SODVPDV ZKLFK DUH FRP�

PRQO\ VWXGLHG� 1HYHUWKHOHVV� WKHVH SODVPDV KDYH PDQ\ LQWHUHVWLQJ SURSHUWLHV DQG PXFK

HmRUW KDV EHHQ GHYRWHG WR WKHLU VWXG\ >��� ��@� 2QH LPSRUWDQW SURSHUW\ RI WKHVH SODVPDV

LV WKHLU H[WUHPHO\ ORQJ OLIHWLPH� 7KLV LV D FRQVHTXHQFH RI D ZHOO NQRZQ DQJXODU PRPHQWXP

FRQVHUYDWLRQ WKHRUHP >��@ ZKLFK VWDWHV WKDW WKHVH SODVPDV DUH VWDEOH XQGHU HOHFWURQ�HOHFWURQ

FROOLVLRQV� 7KLV LPSOLHV WKDW WKHVH SODVPDV FDQ FRPH WR WKHUPDO HTXLOLEULXP WKURXJK FRO�

OLVLRQV� )XUWKHUPRUH� VLQFH WKH FRQnQHPHQW WLPH LV PXFK ORQJHU WKDQ D FROOLVLRQ WLPH�

SURFHVVHV FDQ EH VWXGLHG LQ ZKLFK WKH SODVPD UHPDLQV LQ WKHUPDO HTXLOLEULXP WKURXJKRXW

WKH HQWLUH H[SHULPHQW�

��� 7KH 8�&� %HUNHOH\ 3XUH (OHFWURQ 3ODVPD 7UDS

7KH 8�&� %HUNHOH\ HOHFWURQ SODVPD WUDS LV D 3HQQLQJ�0DOPEHUJ WUDS FRQVLVWLQJ

RI QLQH FROOLPDWHG F\OLQGHUV RI LQQHU UDGLXV ����� FP� 7KH D[LDO PDJQHWLF nHOG FDQ EH

YDULHG IURP ]HUR WR ���� JDXVV� 7KH WUDS LV SODFHG LQ D YDFXXP FKDPEHU ZKLFK PDLQWDLQV

D SUHVVXUH RI OHVV WKDQ ��b�� 7RUU WKURXJKRXW WKH HQWLUH FRQnQHPHQW UHJLRQ GXULQJ WKH

H[SHULPHQW �WKLV LQFOXGHV D PHDVXUHPHQW RI SUHVVXUH QHDU WKH nODPHQW ZKHQ WKH nODPHQW LV

KRW��



��

$[LDO 3RVLWLRQ� ] �FP�

� �� �� �� ��

9
R
OW
D
J
H

�

��

���

���

)LJXUH ���� 7KH SRWHQWLDO DORQJ WKH D[LV RI D 3HQQLQJ�0DOPEHUJ WUDS� 7KH SRWHQWLDO VKRZQ
LV IRU D WUDS ZLWK JDWH GLDPHWHU ����� FP� DQG OHQJWK ���� FP� 7KH LQMHFW JDWH H[WHQGV
EHWZHHQ ]  ���� DQG ]  ���� ZKLOH WKH GXPS JDWH H[WHQGV EHWZHHQ ]  ����� DQG
]  ������
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7KH HOHFWURQV DUH SURGXFHG E\ WKHUPLRQLF HPLVVLRQ RI HOHFWURQV IURP D VSLUDOO\

ZRXQG WXQJVWHQ nODPHQW� 7KH SODQH RI WKH VSLUDO LV QRUPDO WR WKH D[LV RI WKH WUDS� 7KLV

FRQnJXUDWLRQ SURYLGHV D UHODWLYHO\ TXLHVFHQW HOHFWURQ FORXG E\ PDWFKLQJ WKH SRWHQWLDO DFURVV

WKH IDFH RI WKH nODPHQW �GXH WR LWV RZQ HOHFWULFDO UHVLVWDQFH� WR WKH UDGLDO SRWHQWLDO YDULDWLRQ

RI WKH HOHFWURQ FROXPQ WKDW LW SURGXFHV >��� ��� ��@� 7KLV LV LOOXVWUDWHG LQ )LJXUH ����

$ FRQnQHG SODVPD LV FUHDWHG E\ DOORZLQJ HOHFWURQV WR VWUHDP IURP WKH nODPHQW

DORQJ WKH PDJQHWLF nHOG OLQHV DQG LQWR WKH FRQnQHPHQW UHJLRQ� 7KH HOHFWURQV DUH VWRSSHG

DW WKH HQG RI WKH FRQnQHPHQW UHJLRQ E\ D QHJDWLYH HOHFWURVWDWLF SRWHQWLDO RQ DQ HOHFWURGH

ZKLFK ZLOO EH UHIHUUHG WR DV WKH ?GXPS� JDWH� 7KH SODVPD LV WKHQ SLQFKHG Rm IURP WKH

nODPHQW E\ DSSO\LQJ D QHJDWLYH SRWHQWLDO WR D JDWH QHDU WKH nODPHQW ZKLFK ZLOO EH UHIHUUHG

WR DV WKH ?LQMHFW� JDWH� 7KLV SURFHVV LV LOOXVWUDWHG LQ )LJXUH ���� 7KH SODVPD LV QRZ FRQnQHG

EHWZHHQ WKH LQMHFW DQG WKH GXPS JDWHV� ,W FDQ EH KHOG LQ WKLV UHJLRQ IRU D YDULDEOH DPRXQW

RI WLPH� WKHQ UHOHDVHG E\ ORZHULQJ WKH GXPS JDWH WR JURXQG� 7KLV FDXVHV WKH SODVPD WR

VWUHDP SDVW WKH GXPS JDWH WRZDUG D GLDJQRVWLF UHJLRQ DW WKH IDU HQG RI WKH GHYLFH�

��� 7KH 3ODVPD

7KLV SURFHVV RI JHQHUDWLQJ DQG PDQLSXODWLQJ SODVPDV DOORZV WKH H[SORUDWLRQ RI D

ODUJH UDQJH RI SODVPD SDUDPHWHUV� 2I SDUWLFXODU LPSRUWDQFH LV WKH ODUJH UDQJH RI DFFHVVLEOH

WHPSHUDWXUHV� $OVR� WKH WLPH VFDOHV ZKLFK DUH LPSRUWDQW� VXFK DV WKH ERXQFH WLPH DQG

FROOLVLRQ WLPH� DUH VHSDUDWHG E\ VHYHUDO RUGHUV RI PDJQLWXGH� 7KLV DOORZV XV WR H[DPLQH

WKH SODVPD LQ UHJLPHV ZKHUH LWV EHKDYLRU LV GRPLQDWHG E\ GLmHUHQW SURFHVVHV� 6RPH W\SLFDO

SDUDPHWHUV DUH VKRZQ LQ 7DEOH ���

��� 9DULDWLRQ RI 3DUDPHWHUV

7KH SODVPD SDUDPHWHUV OLVWHG LQ 7DEOH ��� VKRZ D ZLGH YDULDWLRQ� 7R D JUHDW

H[WHQW� WKLV YDULDWLRQ LV FRQWUROODEOH� 7KH QH[W IHZ VHFWLRQV ZLOO GLVFXVV WKHVH SDUDPHWHUV

DQG KRZ WKLV FRQWURO LV DFFRPSOLVKHG� 7KH PHDVXUHPHQW RI WKHVH SDUDPHWHUV LV GLVFXVVHG

LQ 6HFWLRQ ����
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)LJXUH ���� 7KH VSLUDO nODPHQW DQG D FDOFXODWLRQ RI RQH RI WKH SRWHQWLDOV WKDW LW FDQ SURGXFH�
1RWH WKDW WKH SRWHQWLDO LQFUHDVHV TXDGUDWLFDOO\ IURP WKH FHQWHU WR WKH HGJH RI WKH nODPHQW�
WKHQ ORJDULWKPLFDOO\ WR WKH HGJH RI WKH WUDS� ZKLFK LV JURXQGHG� �'UDZQ WR DSSUR[LPDWHO\
��� VFDOH��
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)LJXUH ���� 7KH LQMHFWLRQ DQG WUDSSLQJ VHTXHQFH� )URP WRS WR ERWWRP� �� 7KH LQLWLDO VWDWH�
WKHUH DUH QR HOHFWURQV LQ WKH WUDS� WKH nODPHQW LV EORFNHG E\ WKH SRWHQWLDO RQ WKH LQMHFW
JDWH� �� 7KH LQMHFW JDWH LV ORZHUHG� DOORZLQJ WKH SODVPD WR VWUHDP LQ WR WKH WUDSSLQJ UHJLRQ�
7KH LQMHFW JDWH LV NHSW ORZ IRU PDQ\ HOHFWURQ ERXQFH WLPHV� �� 7KH LQMHFW JDWH LV UDLVHG�
SLQFKLQJ Rm WKH SODVPD DQG WUDSSLQJ LW� 7KH PDQLSXODWLRQV WKDW FRPSULVH WKH H[SHULPHQW
FDQ QRZ EH GRQH� �� $W WKH FRQFOXVLRQ RI WKH H[SHULPHQW� WKH SODVPD LV GXPSHG WR WKH
GLDJQRVWLF UHJLRQ E\ ORZHULQJ WKH GXPS JDWH� �� $IWHU WKH SODVPD KDV EHHQ UHOHDVHG� ZH
UHWXUQ WR WKH LQLWLDO VWDWH�
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0DJQHWLF )LHOG % ��� � ���� *DXVV
'HQVLW\ �3HDN� Q �� � �� d���FFb�

7HPSHUDWXUH 7 ��� � �� H9
&ROOLVLRQ 7LPH �H�H� ~F � � ��� PV
%RXQFH 7LPH �$YHUDJH� ~E �� � ��� QV
3ODVPD )UHTXHQF\ �3HDN� �S �� � �� 0+]
'LRFRWURQ )UHTXHQF\ y' �� � ��� N+]
&\FORWURQ )UHTXHQF\ �F ��� � � *+]
'HE\H /HQJWK w' ���� � � FP
/DUPRU 5DGLXV U/ ��� � �� PP
3ODVPD &ROXPQ 5DGLXV US ��� � ��� FP
3ODVPD /HQJWK /S �� � �� FP
:HOO /HQJWK /Z � � �� FP
6SDFH &KDUJH 3DUDPHWHU &N7 H �� � �� 9

7DEOH ���� 7\SLFDO SODVPD SDUDPHWHUV� 6HH WH[W IRU WKH PHWKRGV E\ ZKLFK WKHVH DUH PHD�
VXUHG RU GHULYHG�

����� 'HQVLW\

7KH SODVPD GHQVLW\ FRPLQJ Rm RI WKH nODPHQW LV GHWHUPLQHG E\ WKH nODPHQWV YROW�

DJH SURnOH� 7KLV YROWDJH SURnOH LV n[HG E\ WKH nODPHQW VKDSH DQG WKH YROWDJHV DW HLWKHU

HQG� 7KH nODPHQW XVHG LQ WKHVH H[SHULPHQWV FRQVLVWV RI �� WXUQV RI ���� PP GLDPHWHU WKR�

ULDWHG WXQJVWHQ ZLUH� ZRXQG LQ D OLQHDU VSLUDO ���� FP LQ GLDPHWHU� 7KH VSLUDO LV PDLQWDLQHG

E\ VWLWFKLQJ WKH nODPHQW WKURXJK D WKLQ SLHFH RI $OXPLQD FHUDPLF� 7KRXJK WKH FHUDPLF

SURYLGHV VWUXFWXUDO ULJLGLW\ IRU WKH YHU\ WKLQ nODPHQW ZLUH� LW DOVR DFWV DV D VLJQLnFDQW KHDW

VLQN� 7KLV FDQ FDXVH SUREOHPV EHFDXVH WKH KHDW oRZ IURP WKH nODPHQW WR WKH FHUDPLF LV

GLmHUHQW IRU HDFK VWLWFK� 7KLV FDQ FDXVH VLJQLnFDQW QRQ�XQLIRUPLWLHV LQ WKH nODPHQW WHP�

SHUDWXUH ZKLFK FDQ LQ WXUQ FDXVH VLJQLnFDQW QRQ�XQLIRUPLWLHV LQ GHQVLW\ RI HPLWWHG SODVPD�

7R REWDLQ D VPRRWK SODVPD LW LV WKHUHIRUH QHFHVVDU\ WR DOORZ WKH nODPHQW DQG SODVPD WR

FRPH WR HTXLOLEULXP� 7KH OLQHDU VSLUDO SURGXFHV D SRWHQWLDO ZKLFK LQ HTXLOLEULXP� PDWFKHV

D XQLIRUP GHQVLW\ SODVPD �VHH )LJXUH ����� ,Q RUGHU IRU WKH nODPHQW WR EH KRW HQRXJK WR

HPLW HOHFWURQV� D YROWDJH RI �� 9ROWV KDG WR EH DSSOLHG IURP FHQWHU WR HGJH� 7KHUHIRUH� WKH

RQO\ SDUDPHWHU WKDW FRXOG EH YDULHG WR DmHFW WKH SODVPD GHQVLW\ GLVWULEXWLRQ LV WKH ELDV

YROWDJH DW WKH FHQWHU RI WKH nODPHQW� 7KHRUHWLFDOO\� WKHUHIRUH� WKLV nODPHQW ZLOO SURGXFH D

XQLIRUP GHQVLW\ SODVPD ZKRVH UDGLXV LV GHWHUPLQHG E\ WKH FHQWUDO SRWHQWLDO� ,Q DFWXDOLW\�

WKH GHQVLW\ LV SHDNHG DW WKH FHQWHU DQG IDOOV JUDGXDOO\ WRZDUGV WKH HGJH RI WKH WUDS� )RU

PRVW RI WKHVH H[SHULPHQWV� WKH FHQWUDO SRWHQWLDO ZDV KHOG DW ��� 9� 7KLV JDYH D SHDN GHQVLW\



��

RI DSSUR[LPDWHO\ �d ���FFb��

����� 7KH 3ODVPD 6SDFH &KDUJH 3DUDPHWHU� &

7KH SODVPD VSDFH FKDUJH SDUDPHWHU LV GHSHQGHQW RQ ERWK WKH GHQVLW\ RI WKH SODVPD

DQG WKH UDGLDO GLVWULEXWLRQ RI WKLV GHQVLW\� 7KH SDUDPHWHU & FDQ WKHUHIRUH EH YDULHG E\

DOWHULQJ WKH nODPHQW ELDV� ,W FDQ DOVR EH YDULHG E\ FKDQJLQJ WKH SUHSDUDWLRQ RI WKH SODVPD

DIWHU LW LV FUHDWHG� ,Q SDUWLFXODU� WKH PHDQV E\ ZKLFK WKH SODVPD
V WHPSHUDWXUH LV FKDQJHG

�ZKLFK ZLOO EH GLVFXVVHG LQ 6HFWLRQ ������ DOVR FKDQJHV WKH SODVPD
V UDGLDO GLVWULEXWLRQ�

7KHUHIRUH� & PXVW EH PHDVXUHG IRU HDFK GLmHUHQW SUHSDUDWLRQ VFKHPH�

����� 7HPSHUDWXUH

7KH LQLWLDO WHPSHUDWXUH RI WKH SODVPD LV GHSHQGHQW RQ WKH LQLWLDO FRQGLWLRQV� DQG

WKHUHIRUH RQ WKH FRQnJXUDWLRQ RI WKH nODPHQW� $IWHU WKH SODVPD LV FUHDWHG� LW FDQ EH KHDWHG�

7R KHDW WKH SODVPD� ZH DSSO\ D EURDG EDQG ��GE SRLQWV DW { ��� +] DQG { � 0+]� QRLVH

VLJQDO RI YDULDEOH DPSOLWXGH WR WKH LQMHFW JDWH� 7KLV LV DSSOLHG GXULQJ WKH SODVPD SUHSDUDWLRQ

SURFHVV� 7R HQVXUH WKDW WKH KHDWLQJ SURFHVV FKDQJHV DV IHZ RWKHU SDUDPHWHUV DV SRVVLEOH� LW

LV LPSRUWDQW WR HQVXUH WKDW IRU D JLYHQ VHW RI H[SHULPHQWV� WKH KHDWLQJ SURFHVV DOZD\V WDNHV

WKH VDPH DPRXQW RI WLPH� 7KH QRLVH VLJQDO LV JHQHUDWHG E\ D 6WDQIRUG 5HVHDUFK 6\VWHPV

'6��� 6\QWKHVL]HG )XQFWLRQ *HQHUDWRU� 7KH KHDWLQJ VLJQDO ODVWV IRU ��� PV DW DQ DPSOLWXGH

ZKLFK YDULHV IRU ]HUR WR IRXU YROWV �SHDN WR SHDN�� 7KH VLJQDO LV FRXSOHG WR WKH LQMHFW JDWH

YLD WKH QHWZRUN VKRZQ LQ )LJXUH ���� 7KLV ZDV GHVLJQHG WR SURWHFW WKH QRLVH VRXUFH IURP WKH

KLJK YROWDJH SXOVHU ZKLOH VWLOO HpFLHQWO\ FRXSOLQJ D EURDG VSHFWUXP RI QRLVH WR WKH SODVPD�

$IWHU KHDWLQJ� WKH SODVPD LV DOORZHG WR HTXLOLEUDWH IRU ��� PV� 7KLV LV ORQJHU WKDQ D FROOLVLRQ

WLPH DQG LV VXpFLHQW WR EULQJ WKH SODVPD WR WKHUPDO HTXLOLEULXP� 7KH nQDO WHPSHUDWXUH RI

WKH SODVPD DV D IXQFWLRQ RI QRLVH DPSOLWXGH LV VKRZQ LQ )LJXUH ����

����� &ROOLVLRQ 7LPH DQG %RXQFH 7LPH

7KH FROOLVLRQ DQG ERXQFH WLPHV DUH TXDQWLWLHV ZKLFK DUH GHULYHG IURP WKH SODVPD

WHPSHUDWXUH DQG GHQVLW\� ,W LV QHYHUWKHOHVV LPSRUWDQW WR NHHS WKHVH TXDQWLWLHV ZLWKLQ WKH

UDQJH RI DSSOLFDELOLW\ RI WKH WKHRU\ GLVFXVVHG LQ &KDSWHU �� )RU WKH UDQJH RI WHPSHUDWXUHV

DQG GHQVLWLHV LQ WKHVH H[SHULPHQWV� WKH FROOLVLRQ WLPH YDULHV IURP � WR ��� PV� 7KH ERXQFH

WLPH YDULHV IURP �� WR ��� QV�
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)LJXUH ���� 7KH QHWZRUN XVHG WR FRXSOH WKH KHDWLQJ VLJQDO WR WKH LQMHFW JDWH�

��� 3HUWXUEDWLRQ RI WKH 3ODVPD

,Q DGGLWLRQ WR WKH VWDQGDUG LQMHFW ^ KROG ^ GXPS VHTXHQFH� PRUH FRPSOLFDWHG

D[LDO PDQLSXODWLRQ VHTXHQFHV ZHUH XVHG WR VWXG\ WKH D[LDO G\QDPLFV RI WKH SODVPD� 7KHVH

LQFOXGH VSOLWWLQJ D FRQnQHG SODVPD LQWR WZR SLHFHV� FRPSUHVVLQJ RU H[SDQGLQJ D SODVPD�

DQG DOORZLQJ D SODVPD FRQnQHG LQ RQH UHJLRQ RI WKH WUDS WR IUHH VWUHDP WR DQRWKHU UHJLRQ�

7KLV oH[LELOLW\ LV H[SORLWHG GXULQJ WKH H[SHULPHQWV RQ WKH SODVPD
V D[LDO G\QDPLFV�

$OO RI WKHVH D[LDO PDQLSXODWLRQV DUH FDUULHG RXW E\ FKDQJLQJ WKH YROWDJHV RQ WKH

F\OLQGULFDO JDWH HOHFWURGHV� 7KLV H[SHULPHQWDO WRRO KDV VHYHUDO HmHFWV DQG VHYHUDO FRQVHTXHQW

OLPLWDWLRQV�

7KH SRWHQWLDO GXH WR DQ DSSOLHG YROWDJH LQ D F\OLQGHU LQ D YDFXXP FDQ EH HDVLO\

FDOFXODWHG� 7KH IRUP RI WKH SRWHQWLDO GHSHQGV RQ WKH UDWLR RI WKH F\OLQGHU
V OHQJWK WR LWV

GLDPHWHU� 6RPH LOOXVWUDWLRQV RI WKHVH SRWHQWLDOV DUH VKRZQ LQ )LJXUH ���� $Q\ SHUWXUEDWLRQ

RU PDQLSXODWLRQ RI RXU SODVPD XVLQJ WKH F\OLQGHU ELDVLQJ WHFKQLTXH PXVW WKHUHIRUH EH D

VXSHUSRVLWLRQ RI WKHVH SRWHQWLDOV� 7KRXJK OLPLWHG LQ WKLV IDVKLRQ� WKHVH SHUWXUEDWLRQV DUH

DGHTXDWH IRU WKH SXUSRVHV RI WKHVH H[SHULPHQWV�

7KHVH SRWHQWLDOV DUH DSSOLHG YLD D OHQJWK RI FRD[LDO FDEOH ZKLFK SDVVHV WKURXJK

WKH YDFXXP FKDPEHU ZDOO DQG LV FRQQHFWHG WR D KLJK VSHHG SXOVHU� 7KHRUHWLFDOO\� WKH VSHHG

RI WKH SHUWXUEDWLRQ LV OLPLWHG E\ WKH IXQGDPHQWDO HOHFWURPDJQHWLF PRGH RI WKH FRQnQHPHQW

UHJLRQ VLQFH WKH H[FLWDWLRQ RI ZDYHJXLGH PRGHV LQ WKH WUDS PLJKW SURGXFH PRUH FRPSOLFDWHG

SHUWXUEDWLRQV� ,Q SUDFWLFH� KRZHYHU� WKH VSHHG LV OLPLWHG E\ WKH FRQQHFWLRQ IURP WKH FDEOH WR

WKH JDWH� )RU WKHVH H[SHULPHQWV WKLV ZDV OLPLWHG WR D IHZ PLFURVHFRQGV� )XWXUH H[SHULPHQWV

ZLOO ORZHU WKLV FRQVLGHUDEO\� $ V\VWHP WR ORZHU WKLV WR � � �� QV LV QRZ EHLQJ WHVWHG� 7KH
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)LJXUH ���� 7KH nQDO WHPSHUDWXUH RI WKH SODVPD DV D IXQFWLRQ RI KHDWLQJ VLJQDO DPSOLWXGH�
(UURU EDUV DUH DSSUR[LPDWHO\ WKH VDPH VL]H DV WKH SORW V\PEROV�
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)LJXUH ���� &DOFXODWHG YDFXXP SRWHQWLDOV IRU D VLQJOH F\OLQGHU LQ D 3HQQLQJ�0DOPEHUJ WUDS
IRU WZR GLmHUHQW F\OLQGHU DVSHFW UDWLRV� :H DVVXPH WKDW WKH WUDS LV LQnQLWHO\ ORQJ DQG WKDW
DOO RWKHU F\OLQGHUV DUH JURXQGHG� 7KH FDOFXODWLRQ ZDV GRQH ZLWK D %HVVHO IXQFWLRQ H[SDQVLRQ�
,Q HDFK FDVH WKH YROWDJH DSSOLHG WR WKH F\OLQGHU LV ��� 9ROWV� 7KH SRWHQWLDOV DUH SORWWHG DV
D IXQFWLRQ RI UDGLDO DQG D[LDO SRVLWLRQ� ,Q WKH WRS nJXUH WKH F\OLQGHU OHQJWK LV HTXDO WR KDOI
LWV GLDPHWHU �DVSHFW UDWLR� ����� ,Q WKH ERWWRP nJXUH� WKH F\OLQGHU OHQJWK LV HTXDO WR LWV
GLDPHWHU �DVSHFW UDWLR� ����� :H DVVXPH LQ HDFK FDVH WKDW WKH F\OLQGHU KDV UDGLXV ����� FP�
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QHZ V\VWHP ZLOO EH OLPLWHG RQO\ E\ WKH FDSDFLWDQFH RI WKH F\OLQGHU DQG WKH LPSHGDQFH RI

WKH FDEOH�

��� 'LDJQRVWLFV

7KH 8�&� %HUNHOH\ HOHFWURQ WUDS KDV WKUHH PDLQ GLDJQRVWLFV DYDLODEOH� 7KHVH DO�

ORZ D PHDVXUHPHQW RI WKH WRWDO FKDUJH LQ WKH SODVPD �L�H� WKH WRWDO QXPEHU RI HOHFWURQV��

WKH UDGLDO GLVWULEXWLRQ RI WKH FKDUJH� LQWHJUDWHG RYHU WKH OHQJWK RI WKH SODVPD� DQG VRPH

LQIRUPDWLRQ DERXW WKH D[LDO GLVWULEXWLRQ RI FKDUJH DV D IXQFWLRQ RI WLPH�

7RWDO FKDUJH DQG WKH UDGLDO GLVWULEXWLRQ RI FKDUJH DUH PHDVXUHG XVLQJ D oDW HOHF�

WURGH RI NQRZQ FDSDFLWDQFH WR JURXQG SODFHG EHKLQG D PRYDEOH SLQKROH� 7KLV FRQVLVWV RI D

FRSSHU DQG EHU\OOLXP FRSSHU ZKHHO ZLWK WZR VPDOO KROHV RI GLDPHWHU ������ FP DQG �����

FP RQ RSSRVLWH VLGHV� 7KH FHQWHU RI WKH ZKHHO DQG WKH SRVLWLRQ RI WKH KROHV DUH DUUDQJHG

LQ VXFK D ZD\ WKDW WKH SLQKROHV FDQ SDVV IURP WKH FHQWHU RI WKH WUDS WR WKH HGJH ZKHQ WKH

ZKHHO LV URWDWHG� 7KH ZKHHO LV PRXQWHG RQ D VKDIW ZKLFK LV FRQQHFWHG WR D PHFKDQLFDO URWDU\

IHHGWKURXJK� ,W FDQ EH WXUQHG E\ D VWHSSHU PRWRU PRXQWHG RXWVLGH WKH YDFXXP FKDPEHU�

6LQFH D FRUUHVSRQGHQFH EHWZHHQ WKH URWDWLRQDO DQJOH DQG WKH UDGLDO SRVLWLRQ RI WKH RI WKH

SLQKROH FDQ EH HVWDEOLVKHG IURP JHRPHWU\� D UDGLDO SURnOH RI WKH SODVPD FDQ EH IRXQG E\

XVLQJ WKH SLQKROH WR VDPSOH WKH SODVPD DW YDULRXV UDGLDO SRVLWLRQV� $Q H[DPSOH RI VXFK D

UDGLDO SURnOH LV VKRZQ LQ )LJXUH ���� 7KH FKDUJH SDVVLQJ WKURXJK WKH SLQKROH LV FROOHFWHG

RQ D FRSSHU SODWH ORFDWHG EHKLQG WKH ZKHHO� 7KLV SODWH LV ELDVHG WR D YROWDJH VXpFLHQW WR

FDSWXUH WKH HOHFWURQV� DQG LV $�&� FRXSOHG WR D ORZ QRLVH DPSOLnHU� 7KLV DPSOLnHU KDV D

JDLQ RI ���� DQG WKH FDSDFLWDQFH RI WKH FRPELQDWLRQ RI WKH SODWH DQG WKH DPSOLnHU IURQW HQG

WR JURXQG LV ��� S)� 7KH UHVXOWLQJ YROWDJH FDQ HDVLO\ EH PHDVXUHG ZLWK DQ DQDORJ WR GLJLWDO

FRQYHUWHU DQG FRQYHUWHG WR FKDUJH ZLWK WKH IRUPXOD

4  
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:KHUH & LV WKH FDSDFLWDQFH� J LV WKH DPSOLnHU JDLQ� DQG 9 LV WKH PHDVXUHG YROWDJH� 7KH

FDSDFLWDQFH WR JURXQG RI WKH ZKHHO WKURXJK ZKLFK WKH SLQKROH LV GULOOHG LV ��� S) � 7KXV WKH

FKDUJH IDOOLQJ RQ WKH ZKHHO LWVHOI FDQ DOVR EH PHDVXUHG E\ $�&� FRXSOLQJ LW WR DQ DPSOLnHU�

$ GLDJUDP RI WKHVH HOHFWURGHV LV VKRZQ LQ )LJXUH ���� 7KH HOHFWURQV IROORZ WKH PDJQHWLF

nHOG OLQHV WKURXJK WKH SLQKROH DQG IDOO RQ WKH SODWH� 0RYLQJ WKH SLQKROH DOORZV WKH UDGLDO

GLVWULEXWLRQ RI WKH D[LDOO\ LQWHJUDWHG FKDUJH WR EH PHDVXUHG� 7KH FKDUJH ZKLFK GRHV QRW
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)LJXUH ���� $Q H[DPSOH RI WKH SODVPD UDGLDO SURnOH� (UURU EDUV DUH DSSUR[LPDWHO\ WKH VDPH
VL]H DV WKH SORW V\PEROV�



��

:KHHO
FHQWHU
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)LJXUH ���� 7KH ZKHHO DQG SLQKROH GLDJQRVWLF VHHQ HQG RQ� &KDUJH LQVLGH WKH JDWHV VWUHDPV
DORQJ WKH PDJQHWLF nHOG OLQHV �SHUSHQGLFXODU WR WKH SDJH� DQG SDVVHV WKURXJK WKH SLQKROH
DQG LV FROOHFWHG RQ D SODWH EHKLQG WKH ZKHHO �QRW VKRZQ�� %\ PRYLQJ WKH SLQKROH DFURVV WKH
HOHFWURQ FROXPQ� LWV GHQVLW\ FDQ EH GHWHUPLQHG DV D IXQFWLRQ RI UDGLXV�

SDVV WKURXJK WKH SLQKROH FDQ DOVR EH PHDVXUHG� 7KH VXP RI WKH WZR LV WKH WRWDO FKDUJH LQ

WKH SODVPD�

7KH D[LDO GLVWULEXWLRQ RI FKDUJH FDQ EH PHDVXUHG E\ PHDVXULQJ WKH VXUIDFH FKDUJH

RQ WKH F\OLQGHUV ZKLFK ERXQG WKH FRQnQHPHQW UHJLRQ ZKLFK LV LQGXFHG E\ WKH SUHVHQFH RI

FKDUJH LQVLGH WKH F\OLQGHUV �VHH )LJXUH ������ 7KHLU FDSDFLWDQFH WR JURXQG LV DOVR NQRZQ�

6LQFH WKH LQGXFHG VXUIDFH FKDUJH LV PHDVXUHG LQVWHDG RI WKH DFWXDO FKDUJH� WKH SURFHVV LV

QRQ�GHVWUXFWLYH� 7KHUHIRUH� VRPH LQIRUPDWLRQ DERXW WKH D[LDO GLVWULEXWLRQ RI FKDUJH DV D

IXQFWLRQ RI WLPH FDQ EH JDLQHG� 7KH OLPLWDWLRQV DUH GXH WR WKH IDFW WKDW WKH JDWHV KDYH D

QRQ]HUR OHQJWK �z ��� FP�� VR WKH PHDVXUHPHQW HmHFWLYHO\ DYHUDJHV RYHU D VLJQLnFDQW UHJLRQ�

DQG GXH WR WKH IDFW WKDW VLQFH WKLV LV IXQGDPHQWDOO\ DQ $�&� PHDVXUHPHQW� RQO\ UHODWLYHO\

UDSLG FKDQJHV LQ FKDUJH FDQ EH PHDVXUHG� 7KLV LV VXpFLHQW IRU RXU SXUSRVHV� 7KHUH DUH DOVR

VRPH SUDFWLFDO FRQVLGHUDWLRQV ZKLFK FDQ FDXVH GLpFXOWLHV ZLWK WKLV PHDVXUHPHQW� 7KH PRVW

LPSRUWDQW RI WKHVH LV WKH FRXSOLQJ EHWZHHQ WKH SHUWXUEDWLRQ VLJQDO DQG WKH SLFNXS JDWH� 7KH

YROWDJH RQ WKH SLFNXS JDWH ZLOO FKDQJH GXH WR WKH PXWXDO FDSDFLWDQFH RI WKH SLFNXS JDWH ZLWK

WKH HOHFWURGH RQ ZKLFK WKH SHUWXUEDWLRQ LV DSSOLHG� 6LQFH WKLV FKDQJH RFFXUV DW HmHFWLYHO\

WKH VDPH WLPH DV WKH UHVSRQVH WR WKH SHUWXUEDWLRQ ZKLFK ZH DUH WU\LQJ WR PHDVXUH� LW LV

QHFHVVDU\ WR PLQLPL]H WKLV PXWXDO FDSDFLWDQFH DV PXFK DV SRVVLEOH� 7KLV LV DFFRPSOLVKHG E\

SODFLQJ WKH SLFNXS HOHFWURGH EHWZHHQ WZR JURXQGHG JDWHV� 7KHVH JDWHV HmHFWLYHO\ VKLHOG WKH
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)LJXUH ����� 0HDVXUHPHQW RI WKH D[LDO GLVWULEXWLRQ RI FKDUJH E\ XVLQJ LPDJH FKDUJH� 7KH
EDVLF HOHFWURGH VHWXS LV VKRZQ RQ WKH OHIW DQG LWV HTXLYDOHQW FLUFXLW LV VKRZQ RQ WKH ULJKW�

SLFNXS HOHFWURGH IURP WKH SHUWXUEDWLRQ HOHFWURGH� 'HVSLWH WKHVH SUHFDXWLRQV� WKH PXWXDO

FDSDFLWDQFH LV VWLOO QRW QHJOLJLEOH DQG WKH HmHFW RI WKLV FRXSOLQJ PXVW EH PHDVXUHG IRU HDFK

SHUWXUEDWLRQ FUHDWHG DQG VXEWUDFWHG IURP WKH nQDO UHVXOW�

��� 0HDVXUHPHQW RI 3DUDPHWHUV

����� 'HQVLW\

7KH SODVPD GHQVLW\ FDQ EH PHDVXUHG LQ VHYHUDO ZD\V� 0RVW RI WKHVH PHWKRGV

LQYROYH PHDVXULQJ WKH YROWDJH WKDW DOO RU SDUW RI WKH SODVPD SURGXFHV RQ DQ HOHFWURGH ZLWK

NQRZQ FDSDFLWDQFH DQG LQIHUULQJ WKH GHQVLW\� 7KH PRVW VWUDLJKWIRUZDUG RI WKHVH LV WR GXPS

WKH SODVPD RQ WKH ZKHHO HOHFWURGH ZKHQ WKH SLQKROH LV SRVLWLRQHG LQ VXFK D ZD\ WKDW QRQH

RI WKH FKDUJH SDVVHV WKURXJK� 7KLV JLYHV D PHDVXUHPHQW RI WRWDO FKDUJH IURP ZKLFK WKH

DYHUDJH GHQVLW\ FDQ EH REWDLQHG E\ GLYLGLQJ E\ WKH WRWDO YROXPH WKDW WKH SODVPD RFFXSLHV�

8QIRUWXQDWHO\� WKHUH LV QR ZD\ WR GHWHUPLQH WKH YROXPH D SULRUL� 7KXV WKLV PHWKRG RQ LWV

RZQ SURYLGHV RQO\ D JXHVV DW WKH GHQVLW\� ,W GRHV� KRZHYHU� SURYLGH D XVHIXO FKHFN RI RWKHU

PHWKRGV E\ SURYLGLQJ DQ LQGHSHQGHQW PHDVXUHPHQW RI WRWDO FKDUJH�

7KH SODVPD FDQ DOVR EH DOORZHG WR VWUHDP WKURXJK WKH PRYDEOH SLQKROH� �6HH

6HFWLRQ ��� DQG )LJXUH ����� 6LQFH WKH DUHD RI WKH SLQKROH LV NQRZQ� DQG WKH DPRXQW

RI FKDUJH SDVVLQJ WKURXJK WKH SLQKROH FDQ EH PHDVXUHG� WKH RQO\ NQRZOHGJH QHFHVVDU\ WR



��

GHWHUPLQH WKH GHQVLW\ DV D IXQFWLRQ RI SRVLWLRQ LV WKH OHQJWK RI WKH SODVPD� )RUWXQDWHO\�

WKLV FDQ XVXDOO\ EH FDOFXODWHG >��@� (VVHQWLDOO\� WKRXJK� WKLV PHDVXUHPHQW JLYHV WKH LQWHJUDO

RI GHQVLW\ DORQJ D JLYHQ nHOG OLQH� L�H� Q�U� ]� DYHUDJHG RYHU ]�

7KH OHQJWKZLVH LQWHJUDWHG GHQVLW\ FDQ WKHQ EH FRPSDUHG ZLWK D PHDVXUHPHQW RI

WKH WRWDO FKDUJH LQ D JLYHQ ORQJLWXGLQDO VOLFH RI WKH SODVPD E\ H[DPLQLQJ WKH VXUIDFH FKDUJH

PHDVXUHPHQW GLVFXVVHG LQ 6HFWLRQ ��� DQG )LJXUH ����� :LWK WKH WRWDO FKDUJH LQ D JLYHQ

OHQJWK RI SODVPD DQG D SLFWXUH RI WKH YDULDWLRQ RI GHQVLW\ ZLWK UDGLXV� D JRRG HVWLPDWH RI WKH

GHQVLW\ SURnOH RI WKH SODVPD FDQ EH REWDLQHG� )XUWKHUPRUH� WKH LPDJH FKDUJH PHDVXUHPHQW

LV QRQ GHVWUXFWLYH� VR D SLFWXUH RI WKH HYROXWLRQ RI WKH SODVPD GHQVLW\ ZLWK WLPH FDQ EH

REWDLQHG�

7KH PHWKRG IRU nQGLQJ GHQVLW\ GHVFULEHG DERYH FDQ DOVR EH FKHFNHG E\ PHDVXULQJ

WKH IUHTXHQF\ RI WKH IXQGDPHQWDO D]LPXWKDO PRGH RI WKH SODVPD� NQRZQ DV WKH ?'LRFRWURQ�

PRGH� 'HWDLOHG GHVFULSWLRQV RI WKLV SURFHVV FDQ EH IRXQG LQ WKH OLWHUDWXUH >��� ��� ��@�

����� 7KH 3ODVPD 6SDFH &KDUJH 3DUDPHWHU� &

2QFH WKH GHQVLW\ GLVWULEXWLRQ KDV EHHQ GHWHUPLQHG� WKH VSDFH FKDUJH SRWHQWLDO FDQ

EH FDOFXODWHG E\ LQWHJUDWLQJ WKH 3RLVVRQ HTXDWLRQ� 7KH SODVPD VSDFH FKDUJH SDUDPHWHU FDQ

WKHQ EH HDVLO\ FDOFXODWHG� �6HH 6HFWLRQ ����� 1RWH� KRZHYHU� WKDW VLQFH & LV GHSHQGHQW

RQ WKH SUHSDUDWLRQ VFKHPH� LW ZLOO YDU\ ZLWK WHPSHUDWXUH� 7KLV YDULDWLRQ LV LOOXVWUDWHG LQ

)LJXUH ����

����� 7HPSHUDWXUH

7KH WHPSHUDWXUH RI WKH SODVPD LV PHDVXUHG E\ WKH G\QDPLF HYDSRUDWLRQ WHFKQLTXH

>��@� 7KLV PHWKRG PHDVXUHV WKH HQHUJ\ GLVWULEXWLRQ RI WKH SODVPD HOHFWURQV E\ VORZO\

ORZHULQJ WKH SRWHQWLDO RQ WKH GXPS JDWH DQG PHDVXULQJ WKH DPRXQW RI FKDUJH ZKLFK HVFDSHV

DV D IXQFWLRQ RI WKDW FRQnQLQJ SRWHQWLDO� %HFDXVH WKH DPRXQW RI FKDUJH ZKLFK HVFDSHV LV

SURSRUWLRQDO WR WKH LQWHJUDWHG HQHUJ\ GLVWULEXWLRQ IXQFWLRQ� WKH WHPSHUDWXUH FDQ EH LQIHUUHG�

7KH GLpFXOW\ ZLWK WKLV PHDVXUHPHQW LV WKDW LQ DGGLWLRQ WR WKHLU NLQHWLF HQHUJ\� WKH

HOHFWURQV KDYH SRWHQWLDO HQHUJ\ IURP WKH VSDFH FKDUJH SRWHQWLDO� 7R UHFRQVWUXFW WKH HQWLUH

GLVWULEXWLRQ IXQFWLRQ LW LV QHFHVVDU\ WR FRPSOHWHO\ UHFRQVWUXFW WKH SODVPD SRWHQWLDO� 6LQFH

WKLV SRWHQWLDO GHSHQGV RQ WKH IUDFWLRQ RI WKH SODVPD ZKLFK LV WUDSSHG� LW FKDQJHV GXULQJ

WKH PHDVXUHPHQW SURFHVV� 7KHUHIRUH� LQ SUDFWLFH� DFFRXQWLQJ IRU WKLV SRWHQWLDO HQHUJ\ LV
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)LJXUH ����� 7KH YDULDWLRQ RI WKH VSDFH FKDUJH SDUDPHWHU & ZLWK WHPSHUDWXUH� 7KH HUURU
EDUV DUH DSSUR[LPDWHO\ WKH VDPH VL]H DV WKH SORW V\PEROV�
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XVXDOO\ TXLWH GLpFXOW� +RZHYHU� LI WKH SODVPD LV LQ WKHUPDO HTXLOLEULXP� LW LV QRW QHFHVVDU\

WR UHFRQVWUXFW WKH HQWLUH GLVWULEXWLRQ IXQFWLRQ� 7KH WHPSHUDWXUH FDQ EH LQIHUUHG IURP RQO\

WKH PRVW HQHUJHWLF SDUWLFOHV� �WKH WDLO RI WKH GLVWULEXWLRQ�� DQG VLQFH WKH SODVPD SRWHQWLDO

FKDQJHV YHU\ OLWWOH ZKHQ WKHVH SDUWLFOHV HVFDSH �VLQFH WKH\ UHSUHVHQW D VPDOO IUDFWLRQ RI WKH

WRWDO SODVPD� WKH HmHFW RI WKH VSDFH FKDUJH SRWHQWLDO FDQ EH LJQRUHG LQ WKLV FDVH�

��� 0HDVXUHPHQW RI WKH 5HVSRQVH WR D 3HUWXUEDWLRQ

7KH UHVSRQVH WR D SHUWXUEDWLRQ LV REWDLQHG E\ PHDVXULQJ WKH LQGXFHG FKDQJH LQ

FKDUJH LQ WKH SHUWXUEDWLRQ UHJLRQ� 7KLV PHDVXUHPHQW LV PDGH XVLQJ WKH D[LDO HOHFWURGH

VXUIDFH FKDUJH GLDJQRVWLF GLVFXVVHG LQ 6HFWLRQ ���� :H DUH DEOH WR REWDLQ WZR GLmHUHQW

SLHFHV RI GDWD WR GHVFULEH WKH UHVSRQVH� 7KH PRVW REYLRXV RI WKHVH LV WKH WRWDO FKDUJH LQ WKH

SHUWXUEDWLRQ UHJLRQ� ,W LV DOVR SRVVLEOH WR VHSDUDWH WKH SDUWLFOHV ZKLFK DUH WUDSSHG LQVLGH

WKH SRWHQWLDO ZHOO IURP WKRVH WKDW DUH QRW� DQG WR PHDVXUH WKH WUDSSHG FKDUJH �DV GHnQHG

LQ 6HFWLRQ ���� LQGHSHQGHQWO\� 7KLV SURYLGHV DQ DGGLWLRQDO PHDVXUHPHQW ZKLFK FDQ EH XVHG

WR WHVW WKH WKHRU\ GLVFXVVHG LQ &KDSWHU ��

��� $FFHVVLEOH ([SHULPHQWV

7KHUH DUH VHYHUDO IHDWXUHV RI RXU GHYLFH ZKLFK DOORZ H[SHULPHQWV WR EH GRQH RQ WKH

G\QDPLFV RI WKH GLVWULEXWLRQ IXQFWLRQ LQ JHQHUDO DQG VKLHOGLQJ RQ FROOLVLRQOHVV WLPH VFDOHV

LQ SDUWLFXODU� 7KH PRVW LPSRUWDQW RI WKHVH IHDWXUHV LV WKH VHSDUDWLRQ RI WKH UHOHYDQW WLPH

VFDOHV� 7KH LPSRUWDQW WLPH VFDOHV DUH WKH FROOLVLRQ WLPH DQG WKH ERXQFH WLPH� ,Q RXU FDVH

WKH\ FDQ EH VHSDUDWHG E\ DV PXFK DV � RUGHUV RI PDJQLWXGH �VHH 7DEOH ���� %HFDXVH WKHVH

WLPHV DUH VR ZLGHO\ VHSDUDWHG� LW LV SRVVLEOH WR LVRODWH G\QDPLF EHKDYLRU RI WKH SODVPD

WKDW LV FROOLVLRQOHVV� \HW DGLDEDWLF RQ ERXQFH WLPH VFDOHV� 7KLV VHSDUDWLRQ LV D IXQGDPHQWDO

UHTXLUHPHQW IRU WKH YDOLGLW\ RI WKH WKHRU\ GLVFXVVHG LQ &KDSWHU �� ,W LV DOVR LPSRUWDQW WR

QRWH WKDW VLQFH SHUWXUEDWLRQV FDQ EH PDGH ZLWK D[LDOO\ V\PPHWULF HOHFWURGHV� LW LV SRVVLEOH

WR SHUWXUE WKH SODVPD ZLWKRXW H[FLWLQJ UDGLDO RU D]LPXWKDO PRGHV�

$QRWKHU YHU\ LPSRUWDQW IHDWXUH RI RXU GHYLFH LV WKDW DOO RI WKH SDUDPHWHUV QHHGHG

IRU WKH WKHRU\ RI FROOLVLRQOHVV VKLHOGLQJ LQ nQLWH OHQJWK� nQLWH UDGLDO H[WHQW SODVPDV FDQ

EH PHDVXUHG LQGHSHQGHQWO\� 7KH WKHRU\ FDQ EH DSSOLHG ZLWKRXW DQ\ IUHH SDUDPHWHUV� DQG

WKHUHIRUH WHVWHG TXLWH ULJRURXVO\� 7KHUH LV DOVR D IDLUO\ ZLGH UDQJH RI SDUDPHWHU VSDFH ZKLFK
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LV DFFHVVLEOH� HVSHFLDOO\ LQ WHPSHUDWXUH DQG SHUWXUEDWLRQ YROWDJH� ZKLFK LPSURYHV WKH TXDOLW\

RI WKH WHVW�

)LQDOO\� WKH D[LDO VXUIDFH FKDUJH GLDJQRVWLF GLVFXVVHG LQ 6HFWLRQ ��� DOORZV D PHD�

VXUHPHQW RI VHYHUDO DVSHFWV RI WKH UHVSRQVH WR D SHUWXUEDWLRQ� 7KLV PHDVXUHPHQW FDQ EH

DSSOLHG RQ UDSLG WLPH VFDOHV WR PHDVXUH WKH HmHFWV RI FROOLVLRQOHVV VKLHOGLQJ� RU VORZO\ WR

PHDVXUH WKH HmHFWV RI FROOLVLRQDO VKLHOGLQJ� 7KHUHIRUH ZH FDQ FRPSDUH WKH HTXLOLEULXP WR

WKH QRQ�HTXLOLEULXP WKHRULHV LQ WKHLU UHVSHFWLYH UDQJHV RI DSSOLFDELOLW\� 7KH QH[W FKDSWHU

ZLOO GLVFXVV WKH UHVXOWV RI VHYHUDO RI WKHVH H[SHULPHQWV�
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&KDSWHU �

5HVXOWV

,Q SULRU FKDSWHUV� ZH GLVFXVVHG WKH WKHRU\ RI FROOLVLRQOHVV WUDSSLQJ� :H KDYH DOVR

GHVFULEHG WKH 8� &� %HUNHOH\ SXUH HOHFWURQ SODVPD WUDS DQG KDYH VKRZQ WKDW WKLV WUDS FDQ

EH XVHG WR WHVW VHYHUDO DVSHFWV RI WKH WKHRU\� 7KH UHVXOWV RI WKHVH WHVWV DUH SUHVHQWHG EHORZ�

:H ZLOO EHJLQ ZLWK DQ H[SHULPHQWDO FRPSDULVRQ RI FROOLVLRQDO �DQG WKHUHIRUH WKHUPDO HTXL�

OLEULXP� VKLHOGLQJ DQG FROOLVLRQOHVV VKLHOGLQJ� 7KLV H[SHULPHQW GHPRQVWUDWHV WKDW FROOLVLRQDO

DQG FROOLVLRQOHVV VKLHOGLQJ DUH TXLWH GLmHUHQW DQG WKDW WKHUH LV D QHHG IRU D VHSDUDWH WKHRU\

RI FROOLVLRQOHVV VKLHOGLQJ� 1H[W ZH ZLOO LQYHVWLJDWH WKH UHODWLRQ EHWZHHQ WUDSSHG FKDUJH DQG

VKLHOGLQJ DQG VKRZ WKDW D WUDSSLQJ PHFKDQLVP LV LQ IDFW QHFHVVDU\ IRU VKLHOGLQJ WR RFFXU

LQ RQH GLPHQVLRQ� :H ZLOO DOVR GLVFXVV WKH WKHUPDO HTXLOLEUDWLRQ RI WKH SODVPD� DQG VKRZ

WKDW LQ DOO FDVHV� WKHUPDO HTXLOLEULXP LV HYHQWXDOO\ UHDFKHG� )LQDOO\� ZH ZLOO VKRZ GLUHFW

PHDVXUHPHQWV RI WKH SDUWLFOH GLVWULEXWLRQ IXQFWLRQV PHDVXUHG XVLQJ WKH G\QDPLF HYDSRUD�

WLRQ WHFKQLTXH GLVFXVVHG LQ 6HFWLRQ ������ ,Q DOO FDVHV� ZH ZLOO VKRZ WKDW WKH H[SHULPHQWDO

UHVXOWV DUH LQ DJUHHPHQW ZLWK WKH WKHRU\ GHYHORSHG LQ &KDSWHU ��

��� &ROOLVLRQDO DQG &ROOLVLRQOHVV 6KLHOGLQJ

,W ZDV DUJXHG LQ &KDSWHUV � DQG � WKDW WKHUH LV D QHHG IRU D WKHRU\ ZKLFK LV EDVHG

RQ GLVWULEXWLRQ IXQFWLRQ G\QDPLFV DQG LV WKHUHIRUH GLVWLQFW IURP FODVVLF 'HE\H VKLHOGLQJ� 7R

GHPRQVWUDWH WKLV� ZH VKDOO FRPSDUH WKH EHKDYLRU RI WKH SODVPD RQ FROOLVLRQDO DQG FROOLVLRQOHVV

WLPH VFDOHV DQG VHH ZKHWKHU WKHUH DUH VLJQLnFDQW GLmHUHQFHV� :H DOVR FRPSDUH WKH G\QDPLF

WKHRU\ RI &KDSWHU � DQG WKH 'HE\H WKHRU\ ZLWK WKH H[SHULPHQWDO GDWD LQ WKH DSSOLFDEOH

GRPDLQV RI HDFK�
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7KH H[SHULPHQW ZDV GRQH E\ FUHDWLQJ D VHULHV RI VHWV RI WZR LGHQWLFDO SODVPDV� $OO

RI WKH SODVPDV KDG D OHQJWK RI ���� FP DQG WKHLU WHPSHUDWXUHV FRXOG EH YDULHG IURP ��� WR

�� H9 XVLQJ WKH KHDWLQJ SURFHVV GHVFULEHG LQ 6HFWLRQ ������ )RU HDFK WHPSHUDWXUH RQH RI WKH

WZR SODVPDV ZDV SHUWXUEHG RQ D WLPH VFDOH RI � PV� �PXFK VKRUWHU WKDQ D FROOLVLRQ WLPH�

DQG WKH RWKHU ZDV SHUWXUEHG RQ D WLPH VFDOH RI � V �PXFK ORQJHU WKDQ D FROOLVLRQ WLPH�� 7KH

SHUWXUEDWLRQ ZDV FUHDWHG E\ ELDVLQJ VRPH RI WKH F\OLQGHUV ZKLFK ERXQG WKH FRQnQHPHQW

UHJLRQ� ,Q RUGHU WR PLQLPL]H WKH HmHFW RI WKH JDWH FDSDFLWDQFH RQ WKH PHDVXUHPHQW� D

SHUWXUEDWLRQ ZDV FUHDWHG E\ ELDVLQJ WKH F\OLQGHUV RXWVLGH WKH SHUWXUEDWLRQ UHJLRQ ZLWK D

YROWDJH RSSRVLWH WR WKH SHUWXUEDWLRQ GHVLUHG� 7KLV LV HTXLYDOHQW WR DSSO\LQJ D SHUWXUEDWLRQ

LQ WKH SHUWXUEDWLRQ UHJLRQ GLUHFWO\ VLQFH WKH ]HUR RI SRWHQWLDO LV DUELWUDU\� %RWK KLOO DQG ZHOO

W\SH SHUWXUEDWLRQV ZHUH FUHDWHG DQG WKH SHUWXUEDWLRQV UDQJHG LQ VL]H IURP � WR �� 9ROWV�

)RU HDFK VHW RI SODVPD SDUDPHWHUV �WHPSHUDWXUH DQG SHUWXUEDWLRQ VL]H�� WKHUH DUH WZR GDWD

ZKLFK FDQ EH HYDOXDWHG� 7KHVH DUH WKH WRWDO FKDUJH LQ WKH SHUWXUEDWLRQ UHJLRQ DQG WKH WRWDO

FKDUJH WUDSSHG E\ WKH SHUWXUEDWLRQ� 7KH WRWDO FKDUJH LQ WKH SHUWXUEDWLRQ UHJLRQ IRU ERWK

FROOLVLRQDO DQG FROOLVLRQOHVV WLPH VFDOHV LV VKRZQ IRU VHYHUDO YDOXHV RI WHPSHUDWXUH DQG ZHOO

GHSWK LQ )LJXUH ���� )LJXUH ��� DOVR VKRZV WKH G\QDPLF DQG 'HE\H FDOFXODWLRQV� $OO RI

WKH SODVPDV H[DPLQHG ZHUH FUHDWHG ZLWK WKH VDPH nODPHQW FRQGLWLRQV� 'HVSLWH WKLV� WKH

SDUDPHWHU & LV DmHFWHG E\ WKH KHDWLQJ SURFHVV DQG WKLV YDULDWLRQ PXVW EH DFFRXQWHG IRU�

,Q WKH GDWD VKRZQ LQ )LJXUH ���� &N7 H YDULHV IURP ���� 9 WR ���� 9�

)LJXUH ��� VKRZV WKH WUDSSHG FKDUJH DV D IXQFWLRQ RI WHPSHUDWXUH DQG ZHOO GHSWK�

2QH LPSRUWDQW FDYHDW DERXW WKH GDWD LQ )LJXUH ��� LV WKH IDFW WKDW WKH FKDUJH WKDW LV

PHDVXUHG LV WKH FKDUJH WKDW UHPDLQV DIWHU WKH GXPS JDWH LV ORZHUHG� 6LQFH WKH UHPRYDO RI

WKH IUHH FKDUJH GXULQJ WKH GXPS FKDQJHV WKH VSDFH FKDUJH SRWHQWLDO� DQG WKXV WKH WRWDO ZHOO

GHSWK� WKH FKDUJH UHPDLQLQJ WUDSSHG DIWHU WKH GXPS LV QRW WKH VDPH DV WKH FKDUJH WUDSSHG

LQ WKH SHUWXUEDWLRQ EHIRUH WKH GXPS� 6LQFH WKH UHPRYDO RI WKH VSDFH FKDUJH FDXVHV WKH ZHOO

WR EHFRPH VKDOORZHU� WKHUH LV LQ IDFW OHVV WUDSSHG FKDUJH DIWHU WKH GXPS� 7KH HmHFW RI WKLV

FKDQJH LQ ZHOO GHSWK FDQ EH IRXQG E\ FDOFXODWLQJ WKH VSDFH FKDUJH SRWHQWLDO GXH RQO\ WR WKH

WUDSSHG FKDUJH �FRPSDUH ZLWK (TXDWLRQ ������
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7KLV H[SUHVVLRQ LV XVHG WR FDOFXODWH WKH WRWDO SRWHQWLDO �DSSOLHG SOXV VSDFH FKDUJH SRWHQWLDO�

DIWHU WKH GXPS LQ WKH WKHRUHWLFDO FDOFXODWLRQV VKRZQ LQ )LJXUH ����

7KLV GDWD FOHDUO\ VKRZV WKDW WKHUH DUH VLJQLnFDQW GLmHUHQFHV EHWZHHQ WKHUPDO HTXL�
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'\QDPLF
'HE\H

)LJXUH ���� 7RWDO FKDUJH YV� WHPSHUDWXUH UHODWLYH WR WKH WRWDO FKDUJH LQ WKH XQSHUWXUEHG
SODVPD� +HUH C  ���� IRU ZHOOV DQG C  ���� IRU KLOOV� 7KH PHDVXUHG SODVPD GHQVLW\ YDULHV
ZLWK WHPSHUDWXUH VXFK WKDW WKH GHQVLW\ FRQVWDQW &N7 H YDULHV EHWZHHQ ����9 WR ����9 IRU
ZHOOV� DQG ����9 WR ����9 IRU KLOOV� 7KH OLQHV DUH FDOFXODWHG IURP WKH WKHRU\ GHVFULEHG LQ
&KDSWHU � XVLQJ WKH YDOXH RI & PHDVXUHG DW HDFK SRLQW� 0RUH GHWDLO RQ WKH YDULDWLRQ RI &
ZLWK WHPSHUDWXUH LV JLYHQ LQ 6HFWLRQ ����� DQG )LJXUH �����
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'\QDPLF

)LJXUH ���� 5HODWLYH WUDSSHG FKDUJH YV� WHPSHUDWXUH� 3DUDPHWHUV DUH LGHQWLFDO WR ZHOO
SDUDPHWHUV LQ )LJXUH ����
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OLEULXP DQG QRQ WKHUPDO HTXLOLEULXP VKLHOGLQJ LQ WKH QRQOLQHDU OLPLW� )LJXUHV ��� DQG ���

DOVR VKRZ WKDW WKHUH LV H[FHOOHQW DJUHHPHQW EHWZHHQ H[SHULPHQW DQG WKHRU\ DV ORQJ DV WKH

WKHRU\ LV DSSOLHG LQ WKH DSSURSULDWH WLPH GRPDLQ�

��� 7KH ,PSRUWDQFH RI 7UDSSHG &KDUJH ^ $QWL�6KLHOGLQJ

7KH WKHRULHV RI &KDSWHU � DUH EDVHG RQ WKH LGHD WKDW WUDSSHG FKDUJH LV QHFHVVDU\

IRU VKLHOGLQJ LQ RQH GLPHQVLRQ� )XUWKHUPRUH� LW ZDV FODLPHG WKDW LI WKHUH LV QR WUDSSHG

FKDUJH� D QHJDWLYH SHUWXUEDWLRQ ZLOO EH DQWL�VKLHOGHG�

7R WHVW WKLV DVVHUWLRQ� LW LV QHFHVVDU\ WR FUHDWH D SRWHQWLDO ZHOO LQ VXFK D ZD\ WKDW

FKDUJH FDQ QRW EH WUDSSHG� 7KLV LV GRQH E\ FUHDWLQJ WKH SHUWXUEDWLRQ EHIRUH WKHUH LV SODVPD

SUHVHQW� ,Q RUGHU WKDW WKHUH EH D YDOLG FRPSDULVRQ ZLWK WKH FDVH ZKHUH FKDUJH LV WUDSSHG�

ZH XVH WZR VLPLODU SODVPD PDQLSXODWLRQ VFKHPHV� 7KH IXQGDPHQWDO GHVLJQ IRU WKHVH WZR

VFKHPHV LV WKDW WKH\ VKRXOG GLmHU RQO\ LQ WKDW RQH VFKHPH VKRXOG WUDS FKDUJH DQG WKH RWKHU

VFKHPH VKRXOG QRW� 2WKHUZLVH WKH\ DUH PDGH DV QHDUO\ LGHQWLFDO DV SRVVLEOH� (DFK VFKHPH

SURFHHGV LQ nYH VWHSV �VHH )LJXUH ����� ,Q WKH FDVH ZKHUH QR FKDUJH LV WR EH WUDSSHG� WKH

SODVPD LV nUVW LQMHFWHG LQWR D SDUW RI WKH FRQnQHPHQW UHJLRQ� 6HFRQG� WKH SHUWXUEDWLRQ LV

IRUPHG E\ FUHDWLQJ D SRWHQWLDO ZHOO LQ WKH VDPH PDQQHU DV GHVFULEHG LQ 6HFWLRQ ���� 7KLUG�

WKH SODVPD LV DOORZHG WR oRZ LQWR WKH SHUWXUEDWLRQ UHJLRQ� )RXUWK� WKH ?IUHH� FKDUJH LV

GXPSHG DQG PHDVXUHG� )LIWK� WKH WUDSSHG FKDUJH LV PHDVXUHG� ,Q WKH FDVH ZKHUH FKDUJH LV

WR EH WUDSSHG� WKH VHFRQG DQG WKLUG VWHSV DUH LQWHUFKDQJHG�

7KH UHVXOWV RI WKLV H[SHULPHQW DUH VKRZQ LQ )LJXUH ���� 6HYHUDO LPSRUWDQW FRQ�

FOXVLRQV PD\ EH GUDZQ IURP WKHVH GDWD� 2QH FRQFOXVLRQ LV WKDW LW LV SRVVLEOH WR FUHDWH D

SHUWXUEDWLRQ LQ D SODVPD ZKLFK� IRU D EULHI DPRXQW RI WLPH �WKH H[DFW WLPH GHSHQGV RQ

WKH SHUWXUEDWLRQ VL]H� EXW LV RI RUGHU �xV IRU D � 9ROW ZHOO�� WUDSV OLWWOH FKDUJH� )LJXUH ���

GRHV VKRZ VRPH WUDSSHG FKDUJH HYHQ LQ WKH QRQ�DGLDEDWLF FDVH� KRZHYHU� 7KLV LV GXH WR DQ

LQVWDELOLW\ ZKLFK JURZV PRUH UDSLGO\ DV WKH SHUWXUEDWLRQ LQFUHDVHV LQ VL]H� 6LQFH WKH GDWD

ZHUH WDNHQ DW D n[HG WLPH� WKH QHW HmHFW RI WKLV LQVWDELOLW\ LV WR FDXVH LQ LQFUHDVH LQ WKH

WUDSSHG FKDUJH ZKLFK LV PHDVXUHG� 7KH H[DFW QDWXUH RI WKLV LQVWDELOLW\ LV XQNQRZQ� EXW LW

PD\ EH UHODWHG WR WKH WZR VWUHDP LQVWDELOLW\ FDXVHG E\ WKH UHODWLYH ODFN RI HOHFWURQV DW ]HUR

YHORFLW\ LQ WKH SHUWXUEDWLRQ UHJLRQ LQ WKH QRQ�DGLDEDWLFDOO\ FUHDWHG WHVW ZHOO FDVH� 0RUH

LPSRUWDQWO\� ZH nQG WKDW ZKHQ WKHUH LV QR WUDSSHG FKDUJH� WKH SHUWXUEDWLRQ LV DQWL�VKLHOGHG�

7KLV LV FOHDUO\ VKRZQ E\ WKH GHFUHDVH LQ WRWDO FKDUJH XS WR ZHOO GHSWK ZKHUH LQVWDELOLWLHV
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)LJXUH ���� 6FKHPHV IRU H[DPLQLQJ WKH HmHFW RI WUDSSLQJ� 7KH VROLG OLQH VKRZV WKH SRWHQWLDO
HQHUJ\ RI DQ HOHFWURQ DV D IXQFWLRQ RI SRVLWLRQ� 7KH VKDGHG UHJLRQ UHSUHVHQWV WKH SODVPD
HOHFWURQV� ,Q WKH DGLDEDWLFDOO\ FUHDWHG WHVW ZHOO FDVH �VKRZQ DW OHIW�� WKH ZHOO LV FUHDWHG
ZLWK WKH SODVPD SUHVHQW� ,Q WKH QRQ DGLDEDWLFDOO\ FUHDWHG WHVW ZHOO FDVH� WKH ZHOO LV FUHDWHG
EHIRUH WKH SODVPD LV OHW LQWR WKH FRQnQHPHQW UHJLRQ� 7KXV� QR FKDUJH LV WUDSSHG�
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1RQ�$GLDEDWLF 7UDSSHG &KDUJH

)LJXUH ���� 5HODWLYH FKDUJH YV� ZHOO YROWDJH� 5HODWLYH FKDUJH LV QRUPDOL]HG WR WKH FKDUJH
IRXQG ZKHQ WKH DSSOLHG ZHOO YROWDJH� 9Z  �� +HUH C  ����� 7  ��� H9 DQG WKH GHQVLW\
VFDOH FRQVWDQW LV &  ����� /LQHV DUH IURP WKH DQDO\WLF WKHRU\ JLYHQ LQ &KDSWHU � IRU WKH
DGLDEDWLF FDVH DQG IURP D 3,& VLPXODWLRQ >��@ LQ WKH QRQ�DGLDEDWLF FDVH�
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VWDUW WR EHFRPH GRPLQDQW� )LQDOO\� WKLV H[SHULPHQW VKRZV WKDW DQWL�VKLHOGLQJ RQO\ RFFXUV

ZKHQ WKHUH LV QR WUDSSHG FKDUJH� VLQFH WKH SODVPD SUHSDUHG LQ D QHDUO\ LGHQWLFDO IDVKLRQ

VDYH WKDW FKDUJH LV WUDSSHG VKRZV VKLHOGLQJ EHKDYLRU ZKLFK LV SUHGLFWHG E\ WKH G\QDPLF

VKLHOGLQJ WKHRU\ RI &KDSWHU ��

,Q DGGLWLRQ WR WKH GDWD VKRZQ LQ )LJXUH ���� ZH DOVR VHH D[LDO RVFLOODWLRQ IRU YHU\

VPDOO ZHOO GHSWKV� 7KHVH RVFLOODWLRQV KDYH DQ DPSOLWXGH ZKLFK LV D VL]DEOH IUDFWLRQ RI WKH

WRWDO FKDUJH GHQVLW\ ZKLFK LPSOLHV WKDW WKH\ DUH KLJKO\ QRQOLQHDU� 7KHUH LV VRPH HYLGHQFH

IURP FRPSXWHU VLPXODWLRQV >��@ ZKLFK PD\ LQGLFDWH WKDW WKHVH RVFLOODWLRQV DUH GXH WR WKH

VHOI VXVWDLQLQJ SKDVH VSDFH FDYLWLHV ZKLFK ZHUH SUHGLFWHG LQ 6HFWLRQ ����

��� 7KH $SSURDFK WR (TXLOLEULXP

,I D SHUWXUEDWLRQ LV FUHDWHG LQ D WLPH ZKLFK LV PXFK VKRUWHU WKDQ D FROOLVLRQ WLPH�

WKHQ WKH SODVPD PD\ H[KLELW EHKDYLRU ZKLFK LV QRW SUHGLFWHG E\ WKHUPDO HTXLOLEULXP WKHRU\�

+RZHYHU� LI WKH SODVPD LV NHSW IRU VHYHUDO FROOLVLRQ WLPHV LQ WKH SUHVHQFH RI WKH SHUWXUEDWLRQ�

LW ZLOO HYHQWXDOO\ FRPH WR WKHUPDO HTXLOLEULXP WKURXJK FROOLVLRQV� 7KLV LV WUXH RI SODVPDV

ZKLFK LQLWLDOO\ VKLHOGHG RU DQWL VKLHOGHG WKH SHUWXUEDWLRQ� ([SHULPHQWDO GDWD ZKLFK LOOXV�

WUDWHV WKLV HTXLOLEUDWLRQ SURFHVV LV VKRZQ LQ )LJXUH ��� DQG )LJXUH ����

��� 'LVWULEXWLRQ )XQFWLRQV

6LQFH DOO RI WKH WKHRULHV SUHVHQWHG HDUOLHU WR GHVFULEH SODVPD VKLHOGLQJ RI D SHUWXU�

EDWLRQ DUH EDVHG RQ WKH G\QDPLFV RI WKH YHORFLW\ GLVWULEXWLRQ IXQFWLRQ� LW ZRXOG EH YHU\

XVHIXO WR PHDVXUH WKHVH GLVWULEXWLRQ IXQFWLRQV GLUHFWO\� 7KLV WXUQV RXW WR EH D YHU\ GLpFXOW

WDVN� JLYHQ WKH GLDJQRVWLFV DYDLODEOH�

7KH GLVWULEXWLRQ IXQFWLRQ LV PHDVXUHG ZLWK WKH G\QDPLF HYDSRUDWLRQ WHFKQLTXH GLV�

FXVVHG LQ 6HFWLRQ ������ 7KH SULPDU\ OLPLWLQJ IDFWRUV RQ WKLV WHFKQLTXH DUH WKH FRQIRXQGLQJ

HmHFW RI WKH SODVPD VSDFH FKDUJH RQ WKH HQHUJ\ GLVWULEXWLRQ DQG WKH IDFW WKDW ZKDW LV PHD�

VXUHG LV QRW WKH GLVWULEXWLRQ IXQFWLRQ LWVHOI� EXW LWV HQHUJ\ LQWHJUDO� 7R PLQLPL]H WKH VSDFH

FKDUJH HmHFW� ZH PHDVXUHG WKH GLVWULEXWLRQ IXQFWLRQ RI D YHU\ WHQXRXV SODVPD �WKH VSDFH

FKDUJH SDUDPHWHU &  ������ 0HDVXULQJ WKH UHVSRQVH RI D YHU\ WHQXRXV SODVPD DGYHUVHO\

DmHFWV WKH VLJQDO WR QRLVH UDWLR KRZHYHU� DQG VLQFH QXPHULFDO GLmHUHQWLDWLRQ LV SUREOHPDWLF
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)LJXUH ���� 7KH SODVPD DSSURDFK WR HTXLOLEULXP GXH WR FROOLVLRQV� 7KLV VKRZV WUDSSHG
FKDUJH QRUPDOL]HG E\ WRWDO FKDUJH DV D IXQFWLRQ RI WLPH DIWHU WKH ZHOO LV FUHDWHG IRU ERWK
DGLDEDWLFDOO\ FUHDWHG �HOHYDWRU� DQG QRQ DGLDEDWLFDOO\ FUHDWHG �oRRG� WHVW ZHOOV� 7KH JOREDO
HYROXWLRQ EH\RQG �� V LV GXH WR UDGLDO H[SDQVLRQ RI WKH SODVPD� VR WKHUH LV QR GDWD VKRZQ
LQ WKDW UHJLPH� 7KH GLmHUHQFHV LQ WUDSSHG FKDUJH EHWZHHQ WKH DGLDEDWLF DQG QRQ DGLDEDWLF
FDVH DW �� V DUH GXH WR GLmHUHQFHV LQ WKH WHPSHUDWXUH RI WKH SODVPD DIWHU WKH ZHOO KDV EHHQ
FUHDWHG�
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)LJXUH ���� 7RWDO FKDUJH YV� ZHOO YROWDJH DW WZR GLmHUHQW WLPHV� 7KH GDWD LV QRUPDOL]HG WR
WKH GHQVLW\ EHIRUH WKH ZHOO LV FUHDWHG� 7KH W  � PHDVXUHPHQWV ZHUH PDGH LPPHGLDWHO\
DIWHU WKH WHVW ZHOO ZDV FUHDWHG� ZKLOH WKH W  �V PHDVXUHPHQWV ZHUH PDGH DIWHU WKH SODVPD
KDG EHFRPH HTXLOLEUDWHG WKURXJK FROOLVLRQV� � V DIWHU WKH ZHOO ZDV FUHDWHG� 7KH OLQHV DUH
FDOFXODWHG IURP WKH WKHRU\ GHVFULEHG LQ &KDSWHU �
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LQ D QRLV\ HQYLURQPHQW� ZH ZLOO SUHVHQW RQO\ LQWHJUDWHG GLVWULEXWLRQ IXQFWLRQV�

,�(�  
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7ZR RI WKHVH GLVWULEXWLRQ IXQFWLRQV DUH VKRZQ LQ )LJXUH ���� 7KLV VKRZV KRZ WKH

LQWHJUDWHG GLVWULEXWLRQ IXQFWLRQ FKDQJHV ZLWK WKH DGLDEDWLF DSSOLFDWLRQ RI D SHUWXUEDWLRQ�

7KH VLJQLnFDQFH LV WKDW LW LV QR ORQJHU 0D[ZHOOLDQ� DQG WKDW LW PDWFKHV WKH SUHGLFWHG

GLVWULEXWLRQ TXLWH ZHOO�

��� &RQFOXVLRQV

7KH PRVW LPSRUWDQW FRQFOXVLRQ WKDW FDQ EH GUDZQ IURP WKH GDWD SUHVHQWHG LQ WKLV

FKDSWHU LV WKDW WUDSSHG SDUWLFOHV DUH QHFHVVDU\ IRU VKLHOGLQJ LQ RQH GLPHQVLRQ� :LWKRXW

VRPH PHFKDQLVP IRU WUDSSLQJ SDUWLFOHV� D SHUWXUEDWLRQ LQ D RQH GLPHQVLRQDO SODVPD ZLOO EH

HQKDQFHG E\ WKH VSDFH FKDUJH SRWHQWLDO RI WKH SODVPD DQG ZLOO WKHUHIRUH EH DQWL�VKLHOGHG� $

VHFRQG DQG UHODWHG FRQFOXVLRQ LV WKDW RQ FROOLVLRQOHVV WLPH VFDOHV� FROOLVLRQOHVV PHFKDQLVPV

PXVW EH LQYRNHG WR H[SODLQ WKH UHVSRQVH RI D SODVPD WR D SHUWXUEDWLRQ� ,Q D FROOLVLRQOHVV

SODVPD� WKH FRQFHSW RI WKHUPDO HTXLOLEULXP LV QRW YDOLG� DQG WKXV WKH GHWDLOV RI WKH SURFHVV

E\ ZKLFK SDUWLFOHV PRYH WR WUDSSHG RUELWV PXVW EH XQGHUVWRRG LI WKH VKLHOGLQJ EHKDYLRU RI

WKH SODVPD LV WR EH XQGHUVWRRG� )LQDOO\� RQH VXFK PHFKDQLVP� EDVHG RQ DGLDEDWLF WUDSSLQJ�

DQG WKH WKHRU\ GHULYHG IURP LW LQ &KDSWHU � KDV EHHQ VKRZQ WR H[SODLQ WKH UHVSRQVH RI D

QRQ�QHXWUDO SODVPD FRQnQHG LQ WKH 8�&� %HUNHOH\ SXUH HOHFWURQ SODVPD WUDS XQGHU D ZLGH

UDQJH RI FRQGLWLRQV�
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)LJXUH ���� ([SHULPHQWDO LQWHJUDWHG GLVWULEXWLRQ IXQFWLRQV� ,�(�� 6KRZQ DUH WKH H[SHUL�
PHQWDO GDWD WDNHQ XVLQJ WKH G\QDPLF HYDSRUDWLRQ WHFKQLTXH �VROLG OLQHV� EHIRUH DQG DIWHU WKH
DSSOLFDWLRQ RI D ���9 ZHOO� WKH �D� EHVW nW 0D[ZHOOLDQ �7  ��� H9� WR WKH LQLWLDO SODVPD�
WKH �E� FDOFXODWHG ?'\QDPLF� GLVWULEXWLRQ LQ WKH ZHOO� DQG �F� WKH FDOFXODWHG 0D[ZHOOLDQ
�7  ��� H9� WR ZKLFK WKH H[SHULPHQWDO GDWD VKRXOG UHOD[ GXH WR FROOLVLRQV� +HUH C  �����
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&KDSWHU �

&RQFOXVLRQV

'XULQJ WKH FRXUVH RI WKLV UHVHDUFK� LW KDV EHFRPH DSSDUHQW WKDW VHYHUDO QHZ FRQ�

FHSWV DUH FUXFLDO WR WKH XQGHUVWDQGLQJ RI SODVPD VKLHOGLQJ� 7KHVH FRQFHSWV IDOO LQWR WZR

PDLQ FDWHJRULHV� 7KH nUVW LV WKH LPSRUWDQFH RI SDUWLFOH WUDSSLQJ WR VKLHOGLQJ� 7KH VHFRQG

FRQFHUQV WKH PHFKDQLVPV E\ ZKLFK WUDSSLQJ� DQG WKXV VKLHOGLQJ� RFFXUV�

7KLV UHVHDUFK KDV GHPRQVWUDWHG WKDW LQ RQH GLPHQVLRQ� SDUWLFOH WUDSSLQJ LV QHF�

HVVDU\ IRU VKLHOGLQJ� $OWKRXJK WKLV WUDSSLQJ FDQ RFFXU GXH WR FROOLVLRQV� ZH KDYH VKRZQ

WKDW WKHUH DUH DOVR FROOLVLRQOHVV WUDSSLQJ PHFKDQLVPV� (YHQ VR� LW LV SRVVLEOH WR FUHDWH D

VLWXDWLRQ ZKHUH QR FKDUJH LV WUDSSHG� ,Q WKLV FDVH� WKH SKHQRPHQRQ RI DQWL�VKLHOGLQJ ZLOO EH

REVHUYHG ^ ZKHUH WKH SHUWXUEDWLRQ ZLOO EH HQKDQFHG E\ WKH SODVPD� 5HVXOWV ZKLFK DUH YDOLG

IRU RQH GLPHQVLRQDO SODVPDV DUH YHU\ LPSRUWDQW VLQFH DOO VWURQJO\ PDJQHWL]HG SODVPDV DUH

HmHFWLYHO\ RQH GLPHQVLRQDO�

,Q WZR DQG WKUHH GLPHQVLRQV� D VRPHZKDW PRUH FRPSOLFDWHG VLWXDWLRQ DULVHV� +HUH�

WKH VLPSOH oX[ FRQVHUYDWLRQ DUJXPHQW XVHG WR H[SODLQ WKH RQH GLPHQVLRQDO FDVH PXVW EH

PRGLnHG WR LQFOXGH WKH FXUYDWXUH RI WKH RUELWV �VHH 6HFWLRQ ����� 1HYHUWKHOHVV� WUDSSLQJ

LV VWLOO YHU\ LPSRUWDQW� 3UHYLRXV DXWKRUV >��@ KDYH VKRZQ WKDW ZLWKRXW WUDSSLQJ LQ WZR

GLPHQVLRQV� D SHUWXUEDWLRQ ZLOO QHLWKHU EH HQKDQFHG QRU VKLHOGHG E\ D SHUWXUEDWLRQ� ZKLOH

WKH VKLHOGLQJ FDXVHG E\ D SHUWXUEDWLRQ LQ WKUHH GLPHQVLRQV ZLOO EH GLPLQLVKHG� :H KDYH

H[WHQGHG WKHVH UHVXOWV WR LQFOXGH WKH HmHFW RI FROOLVLRQOHVV WUDSSLQJ� DQG VKRZQ WKDW VKLHOGLQJ

RFFXUV LQ ERWK FDVHV�

7ZR GLmHUHQW FROOLVLRQOHVV WUDSSLQJ PHFKDQLVPV KDYH EHHQ H[SORUHG� G\QDPLF �RU

DGLDEDWLF� DQG LQVWDQWDQHRXV� %RWK RI WKHVH DUH FRPSDUHG ZLWK FROOLVLRQDO WUDSSLQJ� 7KH

SULQFLSDO GLmHUHQFH EHWZHHQ FROOLVLRQDO DQG FROOLVLRQOHVV WUDSSLQJ OLHV LQ WKH IDFW WKDW WKH
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ODWWHU FDQ SURGXFH QRQ�0D[ZHOOLDQ GLVWULEXWLRQ IXQFWLRQV� 7KH SULQFLSDO SUREOHP� WKHR�

UHWLFDOO\� LV WKHUHIRUH nQGLQJ WKHVH GLVWULEXWLRQ IXQFWLRQV� :H KDYH IRXQG WKDW FROOLVLRQDO

DQG FROOLVLRQOHVV VKLHOGLQJ GLmHU SULPDULO\ LQ WKH QRQ�OLQHDU UHJLPH� '\QDPLF VKLHOGLQJ LV

JHQHUDOO\ ZHDNHU WKDQ 'HE\H VKLHOGLQJ� DQG LQVWDQWDQHRXV VKLHOGLQJ LV ZHDNHU VWLOO�

'HVSLWH WKH IDFW WKDW HTXLOLEULXP DQG QRQ�HTXLOLEULXP UHVXOWV RIWHQ DJUHH QXPHU�

LFDOO\ LQ WKH OLQHDU OLPLW� OLQHDUL]DWLRQ RI WKH SUREOHP SUHVHQWV LPSRUWDQW WKHRUHWLFDO SURE�

OHPV� 7KLV LV GXH WR WKH IDFW WKDW WKH VL]H RI WKH UHJLRQ RI SKDVH VSDFH ZKHUH FKDUJH LV

WUDSSHG VFDOHV DV
S
j� LW LV WKHUHIRUH QHYHU QHJOLJLEOH� 7KH UHFRJQLWLRQ RI WKLV IDFW LV QRW

QHZ� ,W KDV EHHQ XVHG DV WKH EDVLV IRU WKH XQGHUVWDQGLQJ RI %*. PRGHV DV ZHOO DV RWKHU

SODVPD SK\VLFV SKHQRPHQD >��@�

7KH H[SHULPHQWV RQ QRQ�QHXWUDO SODVPDV WKDW ZH SHUIRUPHG QRW RQO\ FRQnUPHG

WKH LPSRUWDQFH RI WUDSSLQJ WR VKLHOGLQJ� WKH\ KDYH DOVR FRQnUPHG WKH XVHIXOQHVV RI RXU PRG�

HOV RI FROOLVLRQOHVV WUDSSLQJ WR H[SODLQ SODVPD VKLHOGLQJ� 7KLV ZDV VKRZQ E\ H[SHULPHQWV

FRQWUDVWLQJ VLWXDWLRQV ZLWK DQG ZLWKRXW WUDSSLQJ DV ZHOO DV FRPSDULQJ FROOLVLRQDO WR FROOL�

VLRQOHVV WUDSSLQJ� :H DOVR GHPRQVWUDWHG VRPH RI WKH FKDQJHV LQ WKH YHORFLW\ GLVWULEXWLRQ

IXQFWLRQ EURXJKW DERXW E\ FROOLVLRQOHVV WUDSSLQJ�

��� $SSOLFDWLRQV

$ PRWLYDWLRQ IRU WKHVH H[SHULPHQWV ZDV WR H[DPLQH WKH SRVVLELOLW\ RI FRQnQLQJ D

QHXWUDO SODVPD �HLWKHU HOHFWURQV DQG LRQV RU HOHFWURQV DQG SRVLWURQV� LQ D 3HQQLQJ WUDS� 7KH

SODQ ZDV WR XVH D ?QHVWHG ZHOO� VFKHPH� 7KLV XVHV WZR EDUULHUV RI RSSRVLWH SRODULWLHV RQ

HLWKHU VLGH RI WKH WUDS� 7KXV SDUWLFOHV RI ERWK SRVLWLYH DQG QHJDWLYH FKDUJH FDQ EH WUDSSHG�

7KLV VFKHPH LV LOOXVWUDWHG LQ )LJXUH ���� $ EDUULHU WR RQH VSHFLHV LV� KRZHYHU� D ZHOO WR

WKH RWKHU� ,I DOO WKH HOHFWURQV ZHUH WR IDOO LQWR WKH ZHOOV ZKLFK SURYLGH EDUULHUV WR WKH LRQV

RU SRVLWURQV� HLWKHU WKH FKDUJH ZLOO VHSDUDWH RU WKH EDUULHUV ZLOO EH VFUHHQHG DZD\� ,I WKLV

ZHOO FRXOG EH DQWL�VKLHOGHG� WKLV VFKHPH ZRXOG EH PXFK PRUH IHDVLEOH� 7KHVH H[SHULPHQWV

KDYH VKRZQ� KRZHYHU� WKDW HYHQ LI WKH SHUWXUEDWLRQ LV LQLWLDOO\ DQWL�VKLHOGHG� LQVWDELOLWLHV

ZLOO HYHQWXDOO\ WUDS FKDUJH DQG VKLHOG WKH SHUWXUEDWLRQ� ,W PD\ EH SRVVLEOH� KRZHYHU� WR

SUHYHQW WKHVH LQVWDELOLWLHV� 6RPH VSHFXODWLRQ RQ KRZ WKLV PLJKW EH DFFRPSOLVKHG IROORZV�

7KH NH\ WR DQWL�VKLHOGLQJ LV SUHYHQWLQJ FKDUJH IURP EHLQJ WUDSSHG LQ WKH SHUWXU�

EDWLRQ UHJLRQ� ,I D SHUWXUEDWLRQ FDQ EH PDGH WKDW GRHV QRW WUDS FKDUJH� WKHQ LW ZLOO EH

DQWL�VKLHOGHG� 2QH SRVVLEOH PHWKRG ZRXOG EH WR FRQWLQXRXVO\ GULYH SDUWLFOHV RXW RI WKH ZHOO�
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)LJXUH ���� 7KH QHVWHG ZHOO VFKHPH�

7KLV PLJKW EHVW EH GRQH E\ XVLQJ D SDUDEROLF RU KDUPRQLF SRWHQWLDO ZHOO� ,Q VXFK D ZHOO� WKH

ERXQFH PRWLRQ RI DOO WKH WUDSSHG SDUWLFOHV ZLOO KDYH WKH VDPH IUHTXHQF\� $Q RVFLOODWLQJ D[LDO

HOHFWULF nHOG DW WKLV IUHTXHQF\ ZRXOG UHVRQDQWO\ FRXSOH HQHUJ\ LQWR WKH ERXQFH PRWLRQ RI

WKH WUDSSHG SDUWLFOHV� GULYLQJ WKHP RXW RI WKH ZHOO� $Q\ SDUWLFOH ZKLFK EHFDPH WUDSSHG E\

FROOLVLRQV RU LQVWDELOLWLHV ZRXOG EH GULYHQ RXW� DQG WKH DQWL�VKLHOGLQJ ZRXOG EH PDLQWDLQHG�

0XFK RI WKH UHFHQW WKHRUHWLFDO ZRUN RQ SODVPD VKLHOGLQJ ZDV GRQH LQ WKH FRQWH[W

RI VSDFH SK\VLFV DQG VDWHOOLWH EDVHG SUREH GHVLJQ >�� �� ��� ��@� 7KH UHVXOWV SUHVHQWHG LQ WKLV

WKHVLV DSSO\ WR WKLV nHOG DV ZHOO� 7KLV LV GXH WR WKH IDFW WKDW PXFK RI WKH QHDU HDUWK SODVPD

LV HmHFWLYHO\ FROOLVLRQOHVV� WKXV WKH nHOGV QHDU D VDWHOOLWH SUREH ZLOO EH JLYHQ E\ FROOLVLRQOHVV

VKLHOGLQJ WKHRU\�

��� )XWXUH 5HVHDUFK 'LUHFWLRQV

7KHVH H[SHULPHQWV ZHUH SHUIRUPHG RQO\ RQ �HmHFWLYHO\� RQH GLPHQVLRQDO QRQ�

QHXWUDO SODVPDV� 7KLV V\VWHP LV LGHDO IRU GHPRQVWUDWLQJ WKH LPSRUWDQW IHDWXUHV RI WKH

WKHRU\� EXW LW KDV VHYHUDO OLPLWDWLRQV� 8QGHUVWDQGLQJ WKHVH OLPLWDWLRQV DQG KRZ WKH\ FDQ EH

DOOHYLDWHG VXJJHVWV VHYHUDO SURPLVLQJ DYHQXHV IRU IXUWKHU UHVHDUFK� 6RPH RI WKHVH DUH DOUHDG\

EHLQJ SXUVXHG� ,Q RXU ODE DW SUHVHQW� H[SHULPHQWV DUH EHLQJ GRQH WR WHVW WKH WKHRU\ RI LQ�

VWDQWDQHRXV WUDSSLQJ �VHH $SSHQGL[ $�� 2WKHUV UHTXLUH GLmHUHQW H[SHULPHQWDO DSSURDFKHV

WKDQ WKH RQHV GHVFULEHG KHUH�

7ZR OLPLWDWLRQV WR RXU H[SHULPHQW DUH WKDW LW FDQ RQO\ WUDS D SODVPD RI D VLQJOH
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FKDUJH VSHFLHV� DQG WKDW WKH SODVPD WUDSSHG PXVW EH VWURQJO\ PDJQHWL]HG ��F � �S �� 7R

IXOO\ WHVW WKH WKHRU\ WKHUHIRUH� WKH H[SHULPHQWV PXVW EH H[WHQGHG WR WKH UHDOP RI KLJKHU

GLPHQVLRQDO DQG PXOWL�VSHFLHV SODVPDV� ,Q SDUWLFXODU� LW VKRXOG EH SRVVLEOH WR WHVW WKH WKHRU\

LQ WZR DQG WKUHH GLPHQVLRQV E\ XVLQJ HOHFWURVWDWLF SUREHV RI YDULRXV JHRPHWULHV LQ GLVFKDUJH

W\SH SODVPDV ZKLFK DUH ERWK FROOLVLRQOHVV DQG KDYH ZHOO FKDUDFWHUL]HG YHORFLW\ GLVWULEXWLRQ

IXQFWLRQV� 6LQFH WKHVH DUH PXOWL VSHFLHV SODVPDV� WKH WKHRU\ ZLOO QHHG WR EH H[WHQGHG DV

ZHOO� 7KH WKHRU\ RI VKLHOGLQJ LQ PXOWL�VSHFLHV SODVPDV ZLOO QHFHVVDULO\ EH VRPHZKDW PRUH

FRPSOLFDWHG WKDQ WKH WKHRU\ RI VKLHOGLQJ LQ D VLQJOH VSHFLHV SODVPD� 2QH FRPSOLFDWLQJ

IDFWRU LV WKH IDFW WKDW WKH WLPH VFDOHV UHODWLQJ WR WKH PRWLRQ RI WKH GLmHUHQW VSHFLHV PLJKW

GLmHU VLJQLnFDQWO\� 7KXV D SHUWXUEDWLRQ LQ D PXOWL�VSHFLHV SODVPD PLJKW EH DGLDEDWLF WR

WKH HOHFWURQV \HW LQVWDQWDQHRXV WR WKH LRQV� %RWK UHVSRQVHV ZLOO WKHQ FRQWULEXWH WR WKH VHOI

FRQVLVWHQW VROXWLRQ�

7KLV WKHVLV KDV GHYHORSHG DQG WHVWHG D QHZ WKHRU\ RI SODVPD VKLHOGLQJ� 3UHYLRXV

WKHRULHV RI VKLHOGLQJ ZHUH YDOLG RQO\ XQGHU OLPLWHG FLUFXPVWDQFHV� ,Q SDUWLFXODU� SUHYLRXV

WKHRULHV RI VKLHOGLQJ ZHUH QRW YDOLG IRU FROOLVLRQOHVV SODVPDV XQGHUJRLQJ DGLDEDWLF SHUWXU�

EDWLRQV� 7KLV WKHVLV GLVFXVVHV DGLDEDWLF SHUWXUEDWLRQV LQ GHWDLO DQG GHVFULEHV H[SHULPHQWV

GRQH WR YHULI\ WKH WKHRU\ RI G\QDPLF VKLHOGLQJ LQ VLQJOH VSHFLHV SODVPDV� 7KH WKHRU\ KDV

DOVR EHHQ H[WHQGHG WR VHYHUDO FDVHV ZKLFK ZH FRXOG QRW WHVW H[SHULPHQWDOO\� 7KLV ZRUN LV

SUHVHQWHG LQ WKH KRSH WKDW LW ZLOO VWLPXODWH IXWXUH LQWHUHVW LQ WKH nHOG RI FROOLVLRQOHVV SODVPD

VKLHOGLQJ�
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$SSHQGL[ $

2QJRLQJ 0RGLnFDWLRQV

6HYHUDO PRGLnFDWLRQV WR WKH DSSDUDWXV GHVFULEHG LQ &KDSWHU � DUH QRZ LQ SURJUHVV�

7KHVH PRGLnFDWLRQV DUH EHLQJ PDGH WR H[SDQG WKH QXPEHU RI DFFHVVLEOH H[SHULPHQWV� �

$�� )DVW 3HUWXUEDWLRQV

,Q &KDSWHU � ZH GHVFULEHG D WKHRU\ RI ?LQVWDQWDQHRXV VKLHOGLQJ� ^ D UHJLPH RI

LQWHUHVW ZKHUH WKH SHUWXUEDWLRQ LV DSSOLHG RQ WLPH VFDOHV PXFK IDVWHU WKDQ WKRVH UHOHYDQW

WR WKH SDUWLFOH PRWLRQ� ,Q RXU FDVH� WHVWLQJ WKLV WKHRU\ ZRXOG UHTXLUH SXOVHV ZLWK ULVH

WLPHV RI RUGHU �� QV� $V ZH GLVFXVVHG LQ &KDSWHU � WKH OLPLW RI SXOVH VSHHG LV VHW E\ WKH

WUDQVPLVVLRQ OLQH ZKLFK FDUULHV WKH VLJQDO LQWR WKH YDFXXP FKDPEHU DQG WKH PDQQHU LQ

ZKLFK LW LV WHUPLQDWHG LQVLGH WKH YDFXXP FKDPEHU� 6LQFH WKH DSSDUDWXV ZDV QRW RULJLQDOO\

GHVLJQHG IRU KLJK VSHHG VLJQDOV� WKHVH FRQFHUQV GLG QRW SOD\ D PDMRU UROH LQ LWV RULJLQDO

FRQVWUXFWLRQ� 6RPH RI WKH GLpFXOWLHV DUH LOOXVWUDWHG LQ )LJXUH $���

7R LPSURYH WKH KLJK VSHHG FKDUDFWHULVWLFV RI WKH H[SHULPHQW� ZH ZLOO PRGLI\ LW LQ

DFFRUGDQFH ZLWK WKH IROORZLQJ WKUHH UXOHV�

�� $OO WUDQVPLVVLRQ OLQHV PXVW KDYH XQLIRUP LPSHGDQFH WR SUHYHQW UHoHFWLRQV�

�� $OO XQVKLHOGHG OHDGV DQG FRQQHFWLRQV LQ WKH VLJQDO SDWK KDYH D nQLWH LQGXFWDQFH ZKLFK

PXVW EH WDNHQ LQWR DFFRXQW�

�� 7KHUH PXVW EH D ZHOO GHnQHG JURXQG WR ZKLFK DOO HOHFWURGHV FDQ EH UHIHUHQFHG�

�$QLWD 5HLPDQQ KDV SURYLGHG FRQVLGHUDEOH DVVLVWDQFH ZLWK WKHVH PRGLnFDWLRQV�
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*DWH

/RQJ /HDG *URXQG /RRS

6XSSRUW IRU
*DWHV

7R )HHGWKURXJK&HUDPLF &RD[LDO &DEOH

)LJXUH $��� $ GLDJUDP RI WKH RULJLQDO FRQVWUXFWLRQ RI WKH H[SHULPHQW VKRZLQJ VRPH RI WKH
GLpFXOWLHV ZLWK KLJK VSHHG VLJQDOV�

9 =V V

= 9
/ /

 
=R 

9
7

)LJXUH $��� $ VFKHPDWLF RI WKH WUDQVPLVVLRQ OLQH DQG JDWH

:H ZLOO WKHUHIRUH PDNH WKH IROORZLQJ PRGLnFDWLRQV�

�� ��l FRD[LDO FDEOH ZLOO EH XVHG IURP WKH VLJQDO VRXUFH �ZKLFK ZLOO KDYH D ��l RXWSXW

LPSHGDQFH� WR WKH JDWH HOHFWURGH� 7KLV ZDV QRW GRQH RULJLQDOO\ EHFDXVH WKH PDWHULDOV

RXW RI ZKLFK ��l FDEOHV DUH PDGH GHJUDGH WKH YDFXXP�

�� 7KH VXSSRUW FKDQQHO IRU WKH JDWHV ZLOO EH XVHG DV JURXQG�

�� $OO FDEOHV ZLOO WHUPLQDWH ZLWK WKHLU RXWHU FRQGXFWRU LQ FRQWDFW ZLWK JURXQG� LQ WKLV FDVH

WKH VXSSRUW FKDQQHO� DQG WKH VKRUWHVW SRVVLEOH OHDG ZLOO FRQQHFW WKH FHQWHU FRQGXFWRU

WR WKH JDWH�

7KH V\VWHP FDQ QRZ EH DSSUR[LPDWHG E\ WKH FLUFXLW VKRZQ LQ nJXUH $���

:KHQ WKH V\VWHP LV DVVHPEOHG LW ZLOO EH LPSRVVLEOH WR PHDVXUH WKH YROWDJH RQ WKH

JDWH GLUHFWO\� (YHQ LI WKLV ZHUH SRVVLEOH� GRLQJ VR ZRXOG FRQVLGHUDEO\ GHJUDGH WKH UHVSRQVH

E\ DGGLQJ DQ DGGLWLRQDO ORDG� PDNLQJ DQ\ VXFK PHDVXUHPHQW XVHOHVV� 7R GHYLVH D VFKHPH
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)LJXUH $��� 7KH UHVSRQVH RI DQ RSHQ WHUPLQDWHG WUDQVPLVVLRQ OLQH

E\ ZKLFK WKLV FDQ EH WHVWHG LW ZLOO EH XVHIXO WR GHWHUPLQH LQ GHWDLO KRZ WKH WUDQVPLVVLRQ

OLQH ZLOO UHVSRQG WR D SXOVH�

,PDJLQH D SXOVHU ZLWK RXWSXW LPSHGDQFH ��l DWWDFKHG WR D ��l LPSHGDQFH FDEOH

ZKLFK LV RSHQ WHUPLQDWHG� $W D SRLQW DORQJ WKH FDEOH� WKH YROWDJH DV D IXQFWLRQ RI WLPH ZLOO

FRQVLVW RI D IRUZDUG DQG UHoHFWHG SXOVH� �6HH nJXUH $��� 6LQFH WKH FDEOH LV WHUPLQDWHG ZLWK

DQ LPSHGDQFH =  � WKH ERXQGDU\ FRQGLWLRQV LPSO\ WKDW WKH IRUZDUG DQG UHoHFWHG YROWDJH

SXOVHV ZLOO EH LGHQWLFDO� 1RWH DOVR WKDW WKH YROWDJH DW WKH HQG RI WKH FDEOH ZLOO VLPSO\ EH D

VLQJOH SXOVH� ,I WKH FDEOH LV LQVWHDG WHUPLQDWHG ZLWK DQ DUELWUDU\ LPSHGDQFH WKH UHVSRQVH

ZLOO EH PRGLnHG� ,W LV SRVVLEOH WR TXDQWLWDWLYHO\ GHVFULEH WKH UHVSRQVH RI VXFK D V\VWHP�

2XU JRDO ZLOO EH WR GHWHUPLQH WKH FKDUDFWHULVWLFV RI WKH WHUPLQDWLRQ RI D WUDQVPLVVLRQ OLQH

E\ H[DPLQLQJ WKH UHoHFWHG SXOVH�

:H ZLOO VXSSRVH WKDW WKH SXOVHU RXWSXWV D YROWDJH 9S�W� DV D IXQFWLRQ RI WLPH DQG

FDOFXODWH WKH YROWDJHV 9/�W� DW WKH ORDG DQG 97 �W� DW D SRLQW SDUW ZD\ DORQJ WKH FDEOH�

ZKLFK ZH ZLOO UHIHU WR DV WKH ?WDS� YROWDJH� )LJXUH $�� LOOXVWUDWHV WKH SUREOHP� ,W ZLOO EH

PRUH FRQYHQLHQW WR ZRUN ZLWK WKH )RXULHU WUDQVIRUP RI WKHVH TXDQWLWLHV� 6LQFH WKH V\VWHP
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LV OLQHDU� ZH FDQ VROYH IRU LWV EHKDYLRU DW D JHQHUDO IUHTXHQF\ �� DQG WKHQ nQG LWV UHVSRQVH

WR D JHQHUDO SXOVH E\ EUHDNLQJ WKH SXOVH GRZQ LQWR )RXULHU FRPSRQHQWV� ,Q WKLV FDVH WKH

YROWDJH DQG FXUUHQW LQ D WUDQVPLVVLRQ OLQH DUH UHODWHG E\
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ZKHUH =R LV WKH WUDQVPLVVLRQ OLQH LPSHGDQFH� DQG Y LV WKH ZDYH YHORFLW\ RI WKH OLQH� 7KH

ERXQGDU\ FRQGLWLRQ DW WKH ORDG HQG JLYHV

,���[�=/  =R >,L���[� � ,U���[�@ �$���

ZKHUH =/ LV WKH ORDG LPSHGDQFH� $IWHU VRPH DOJHEUD� ZH nQG�

,RU���

,RU���
 Hb�L

�

Y
[

�
=/ b=R

=/ �=R

w
� �$���

7KH ERXQGDU\ FRQGLWLRQ DW WKH VRXUFH HQG LV

9V���b >,RL���b ,RU���@=V  =R >,RL��� � ,RU���@ � �$���

:H FDQ QRZ XVH WKHVH ERXQGDU\ FRQGLWLRQV WR VROYH IRU ,RL DQG ,RU�
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7KHVH HTXDWLRQV DOORZ XV WR FRQVWUXFW D IXQFWLRQ UHODWLQJ WKH VRXUFH YROWDJH WR WKH YROWDJH

DQ\ZKHUH DORQJ WKH WUDQVPLVVLRQ OLQH� )RU H[DPSOH� WKH UHVSRQVH RI D WUDQVPLVVLRQ OLQH

WHUPLQDWHG LQ D FDSDFLWRU LV VKRZQ LQ )LJXUH $��� :H nQG WKDW WKH SXOVH ZLOO QR ORQJHU EH D

VKDUS SXOVH EXW ZLOO LQVWHDG KDYH DQ H[SRQHQWLDO IDOORm ZLWK WLPH FRQVWDQW ~  =F& ZKHUH

=F LV WKH LPSHGDQFH RI WKH FDEOH DQG & LV WKH FDSDFLWDQFH RI WKH FDSDFLWRU DW WKH WHUPLQXV�

,W LV LPSRUWDQW WR QRWH KRZHYHU� WKDW HYHQ LQ KLV FDVH� WKH YROWDJH RQ WKH FDSDFLWRU ZLOO

FRQVLVW RI D VLQJOH SXOVH�

:H ZLOO QRZ XVH WKLV PRGHO WR REWDLQ WKH HOHFWULFDO FKDUDFWHULVWLFV RI WKH JDWH E\

nQGLQJ WKH EHVW nW WR WKH UHVSRQVH RI WKH V\VWHP WR D UHDO SXOVH� 7KH DFWXDO UHVSRQVH RI

WKH V\VWHP LV VKRZQ LQ )LJXUH $��� DQG WKLV UHVSRQVH LQ FRPSDUHG WR D EHVW nW PRGHO EDVHG

RQ SURSDJDWLQJ WKH PHDVXUHG RXWSXW RI WKH SXOVHU WKURXJK WKH WUDQVPLVVLRQ OLQH HTXDWLRQV�

1RWH WKDW WKH PHDVXUHG SXOVH LV QRW VTXDUH� VR PXFK RI WKH VWUXFWXUH LQ )LJXUH $�� LV GXH

WR WKH FRPSOLFDWHG VWUXFWXUH RI WKH LQLWLDO SXOVH� 7KH EHVW nW SDUDPHWHUV DUH�
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)LJXUH $��� 7KH UHVSRQVH RI D WUDQVPLVVLRQ OLQH ZKLFK LV WHUPLQDWHG ZLWK D SXUH FDSDFLWDQFH�

�� 6RXUFH VHULHV LQGXFWDQFH� ���d ��b� +

�� 3DUDVLWLF VRXUFH FDSDFLWDQFH� ��d ��b�� )

�� 3DUDVLWLF VRXUFH VHULHV UHVLVWDQFH� ��l

�� /RDG VHULHV UHVLVWDQFH� ��l

�� /RDG VHULHV LQGXFWDQFH� ���d ��b� +

�� /RDG FDSDFLWDQFH� ���d ��b�� )

7KH nW WR WKH PHDVXUHG UHVSRQVH LV JRRG HQRXJK WR JLYH XV FRQnGHQFH WKDW WKH PRGHO

SDUDPHWHUV DFFXUDWHO\ GHVFULEH WKH HOHFWULFDO FKDUDFWHULVWLFV RI WKH JDWH�

$�� 6HJPHQWHG )LODPHQW

,Q 6HFWLRQ ��� ZH GLVFXVVHG WKH IDFW WKDW WKH LQLWLDO GHQVLW\ SURnOH RI WKH SODVPD LV

GHWHUPLQHG E\ WKH nODPHQW YROWDJH GLVWULEXWLRQ� DQG WKDW DW SUHVHQW� RQO\ RQH SDUDPHWHU�



��

7LPH ,QGH[

� ��� ���

9
R
OW
D
J
H

���

�

��

��

��

��

��

&DOFXODWHG 5HIOHFWHG 6LJQDO

0HDVXUHG 5HIOHFWHG 6LJQDO
&DOFXODWHG *DWH 6LJQDO

)LJXUH $��� &RPSDULVRQ EHWZHHQ PHDVXUHG DQG SUHGLFWHG ZDYHIRUPV� 7KH FDOFXODWHG UH�
VSRQVH LV EDVHG RQ SURSDJDWLQJ WKH PHDVXUHG RXWSXW RI WKH SXOVHU WKURXJK WKH WUDQVPLVVLRQ
OLQH HTXDWLRQV ZLWK WKH SDUDPHWHUV OLVWHG LQ WKH WH[W� 7KH UHVSRQVH DW WKH WDS DQG DW WKH
JDWH LV FDOFXODWHG� 6LQFH WKH FDOFXODWHG UHVSRQVH DW WKH WDS FDQ EH FRPSDUHG ZLWK D PHD�
VXUHPHQW� DQG VLQFH WKLV PHDVXUHPHQW DJUHHV ZLWK WKH FDOFXODWLRQ� WKH YROWDJH RQ WKH JDWH
PXVW EH JLYHQ E\ WKH JUD\ OLQH DERYH� 7KH VDPSOLQJ UDWH IRU WKH WUDFHV VKRZQ LV ��� 0V�V�
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)LJXUH $��� 7KH OD\RXW RI WKH VHJPHQWHG nODPHQW

QDPHO\ WKH ELDV SRWHQWLDO� FDQ EH DOWHUHG H[SHULPHQWDOO\� 7R SURYLGH D ODUJHU YDULHW\ RI

LQLWLDO FRQGLWLRQV� DQG WKHUHIRUH JUHDWHU H[SHULPHQWDO oH[LELOLW\� ZH ZLOO UHSODFH WKH H[LVWLQJ

nODPHQW ZLWK D nODPHQW FRQVLVWLQJ RI HLJKW VHJPHQWV� 6LQFH WKLV nODPHQW LV EURNHQ GRZQ

LQWR HLJKW VHJPHQWV� ZH ZLOO QRZ KDYH HLJKW SDUDPHWHUV ZLWK ZKLFK WR DmHFW WKH UDGLDO

GLVWULEXWLRQ� :H ZLOO HVVHQWLDOO\ EH DEOH WR WDLORU WKH UDGLDO SURnOH RI WKH SODVPD E\ DOWHULQJ

WKH LQLWLDO ERXQGDU\ FRQGLWLRQV� $ GLDJUDP RI WKLV QHZ nODPHQW LV VKRZQ LQ )LJXUH $��� 7KH

HLJKW VHJPHQWV YDU\ LQ OHQJWK IURP ���� LQ� WR ���� LQ� (DFK LV PDGH IURP 7XQJVWHQ ZLUH RI

WKLFNQHVV ����� LQFKHV� 7KH\ DUH ZRXQG LQ VHFWLRQV RI D VSLUDO ZLWK SLWFK ����� LQFKHV SHU

WXUQ�

7KH LQVWDOODWLRQ RI WKLV QHZ nODPHQW ZLOO UHTXLUH VHYHUDO DGGLWLRQDO PRGLnFDWLRQV�

7KHVH DUH QHFHVVLWDWHG E\ WKH JUHDWHU VWUXFWXUDO DQG HOHFWULFDO FRPSOH[LW\ RI WKH QHZ nODPHQW

DV ZHOO DV LWV ODUJHU SRZHU FRQVXPSWLRQ DQG KHQFH FRROLQJ UHTXLUHPHQWV� 7KH HOHPHQWV

VXSSRUWLQJ WKH nODPHQW DUH VKRZQ LQ )LJXUH $��

$�� 9LVLRQ 6\VWHP

7KH nQDO XSJUDGH WR WKH H[SHULPHQW ZKLFK LV QRZ EHLQJ XQGHUWDNHQ FRQVWLWXWHV D

PDMRU FKDQJH WR WKH GLDJQRVWLFV DYDLODEOH� $W SUHVHQW� WKH UDGLDO GLVWULEXWLRQ RI SODVPD LV
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)LODPHQW
&HUDPLF 6XSSRUWV

7UDS $[LV

*DWH
(OHFWURGHV

6XSSRUW &KDQQHO IRU *DWHV

&XUUHQW /HDG

&RROHG
&\OHQGHU

6WDLQOHVV 6WHHO 7XEH

+HDW 6KLHOG

)LJXUH $��� 'UDZLQJ VKRZLQJ WKH LQVWDOODWLRQ RI WKH VHJPHQWHG nODPHQW

)LHOG /LQH

(OHFWURQ 7UDMHFWRU\

3KRVSKRU /D\HU
*ODVV

 
   

/LJKW LV
HPLWWHG
ZKHUH WKH
HOHFWURQ
VWULNHV WKH
SKRVSKRU
OD\HU

)LJXUH $��� $ GLDJUDP RI WKH SKRVSKRU VFUHHQ GLDJQRVWLF

GHWHUPLQHG XVLQJ WKH PRYDEOH SLQKROH GLDJQRVWLF� 7KLV ZLOO EH UHSODFHG ZLWK D SKRVSKRU

VFUHHQ DQG FDPHUD� 7KH DGYDQWDJH RI D SKRVSKRU VFUHHQ LV WKDW LW ZLOO DOORZ WKH HQWLUH UDGLDO

GLVWULEXWLRQ RI FKDUJH WR EH PHDVXUHG ZLWK D VLQJOH VKRW� 7KLV LPDJLQJ V\VWHP UHSODFHV RQH

RULJLQDOO\ GHVLJQHG E\ 7RQ\ 3HXUUXQJ >��� ��@

/LNH WKH PRYDEOH SLQKROH GLDJQRVWLF� WKH SKRVSKRU VFUHHQ GLDJQRVWLF LV GHVWUXFWLYH�

,W ZRUNV E\ DOORZLQJ WKH SODVPD HOHFWURQV WR VWULNH DQ HOHFWUROXPLQHVFHQW SKRVSKRU DIWHU

WKH\ DUH UHOHDVHG IURP WKH FRQnQHPHQW UHJLRQ� 7KH SKRVSKRU VFUHHQ JLYHV Rm DQ DPRXQW

RI OLJKW ZKLFK LV SURSRUWLRQDO WR WKH QXPEHU RI HOHFWURQV ZKLFK KLW LW� 6LQFH WKH HOHFWURQV

VWUHDP DORQJ PDJQHWLF nHOG OLQHV� WKH DPRXQW RI OLJKW UHOHDVHG LV SURSRUWLRQDO WR WKH HOHFWURQ

GHQVLW\ LQVLGH WKH WUDS� 7KLV OLJKW FDQ WKHQ EH LPDJHG ZLWK D &&' FDPHUD� 7KLV SURFHVV LV

VKRZQ LQ nJXUH $���
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3KRVSKRU

*ULG

*DWH (OHFWURGHV
$FFHOHUDWLRQ 5LQJV

7UDS $[LV

)LJXUH $��� 7KH HOHFWURGH FRQnJXUDWLRQ XVHG IRU HOHFWURQ DFFHOHUDWLRQ

,Q RUGHU IRU WKH HOHFWURQV WR JHQHUDWH VXpFLHQW OLJKW WR EH HDVLO\ GHWHFWDEOH ZLWK

WKH &&' FDPHUD� WKH\ PXVW EH DFFHOHUDWHG WR JUHDWHU WKDQ � RU �� NH9� SRVVLEO\ DV KLJK

DV �� NH9� 7R DFFRPSOLVK WKLV� ZH ZLOO ELDV WKH SKRVSKRU WR D YHU\ ODUJH SRVLWLYH YDOXH�

6LQFH DQ\ HOHFWULF nHOG ZKLFK LV SHUSHQGLFXODU WR WKH PDJQHWLF nHOG ZLOO FDXVH DQ ( d %

GULIW ZH ZDQW WR HQVXUH WKDW WKH HOHFWULF nHOG LV HQWLUHO\ SDUDOOHO WR WKH PDJQHWLF nHOG� 7KLV

LV DFFRPSOLVKHG E\ XVLQJ WKH HOHFWURGH FRQnJXUDWLRQ VKRZQ LQ nJXUH $��� 7KH SKRVSKRU

DQG WKH JULG IRUP SODQDU HTXLSRWHQWLDOV� 7KH VLGH ULQJV DUH ELDVHG LQ VXFK D ZD\ DV WR NHHS

WKH nHOG DV XQLIRUP DV SRVVLEOH� 6LQFH WKH JULG ZLOO EH KHOG QHDU JURXQG� WKH nHOGV ZLOO QRW

SHQHWUDWH LQWR WKH SODVPD FRQnQHPHQW UHJLRQ� 7KRXJK WKH VFKHPH GRHV SUHYHQW ODUJH VFDOH

QRQ�XQLIRUPLWLHV LQ WKH HOHFWULF nHOG� LW GRHV VR E\ LQWURGXFLQJ VPDOO VFDOH QRQ�XQLIRUPLWLHV�

7KLV ZLOO EH HVSHFLDOO\ WUXH LQ WKH UHJLRQ YHU\ QHDU WKH JULG DQG LQ WKH UHJLRQ DW WKH HGJH QHDU

WKH ULQJV� :H PXVW FDOFXODWH KRZ ODUJH WKHVH HOHFWULF nHOGV ZLOO EH DQG WKHLU FRQVHTXHQFHV

RQ DQ HOHFWURQ WR LQVXUH WKDW WKH WUDMHFWRULHV RI WKH HOHFWURQV DQG WKXV WKH LPDJH RI WKH

SODVPD ZLOO QRW EH DGYHUVHO\ DmHFWHG� :H ZLOO nUVW HVWLPDWH WKH HmHFW RI WKH nHOGV GXH WR

WKH JULG RQ D GULIWLQJ HOHFWURQ�

,PDJLQH DQ HOHFWURQ WLHG WR D PDJQHWLF nHOG OLQH� PRYLQJ ZLWK XQLIRUP YHORFLW\

YN DSSURDFKLQJ D VLQJOH ZLUH ZLWK FKDUJH SHU XQLW OHQJWK w ZKLFK OLHV SHUSHQGLFXODU WR WKH

PDJQHWLF nHOG� 7KLV HOHFWURQ ZLOO VHH DQ HOHFWULF nHOG GXH WR WKH OLQH FKDUJH RQ WKH ZLUHV�

7KH FRPSRQHQW RI WKLV nHOG SHUSHQGLFXODU WR% ZLOO FDXVH DQ (d% GULIW� 7KH WRWDO GLVWDQFH
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:KHUH E LV WKH GLVWDQFH RI FORVHVW DSSURDFK� ,Q JHQHUDO� YN GHSHQGV VWURQJO\ RQ WKH SRWHQWLDOV

RQ WKH JULG� 7R PDNH DQ RUGHU RI PDJQLWXGH HVWLPDWH RI WKH GULIW� KRZHYHU� ZH FDQ HVWLPDWH
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ZKHUH D LV WKH VSDFLQJ EHWZHHQ WKH ZLUHV� ,I WKH SKRVSKRU SRWHQWLDO LV �D DQG WKH OHQJWK RI

WKH UHJLRQ LV C� WKLV ZLUH LV SDUW RI D JULG ZLWK HOHFWULF nHOG
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7R PLQLPL]H c[ WKHUHIRUH� ZH ZDQW WR PLQLPL]H WKH UDWLR D C� 7KHUH LV RQH RWKHU LPSRUWDQW

FRQGLWLRQ� :H ZDQW WR HQVXUH WKDW WKH HOHFWULF nHOG QHDU WKH VXUIDFH RI WKH ZLUHV LV QRW VR

ODUJH WKDW WKH HOHFWURQV DUH SXOOHG Rm RI nHOG OLQHV�
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ZKHUH UZ LV WKH UDGLXV RI WKH ZLUH� 7KLV UHODWLRQ SXWV DQ XSSHU OLPLW RQ WKH UDWLR D UZC�

7KHUHIRUH� JLYHQ DQ DFFHSWDEOH c[� ZH REWDLQ WKH DSSUR[LPDWH UHODWLRQV�
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)RU %  ���7 � �D  ��N9 DQG c[  � d ��b�P� ZH nQG WKDW D C  ������

DQG UZC D � ��� d ��b�P� 7KH GHVLJQ ZH SODQ WR DGRSW ZLOO KDYH D C  ����� DQG

UZC D  ���d ��
b�P�

7KH ULQJV ERXQGLQJ WKH VLGHV RI WKH DFFHOHUDWLRQ UHJLRQ ZLOO DOVR KDYH DQ HmHFW�

7KH PDJQLWXGH RI WKLV HmHFW FDQ EH HVWLPDWHG DV IROORZV� ,Q WKH LQWHULRU RI WKH DFFHOHUDWLRQ

UHJLRQ ZH PXVW KDYH
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,Q WKH UHJLRQ DW WKH HGJH RI WKH DFFHOHUDWLRQ UHJLRQ� YHU\ FORVH WR WKH ULQJV� WKHUH LV DSSUR[�

LPDWHO\ UHFWDQJXODU V\PPHWU\� :H ZLOO WKHUHIRUH DVVXPH UHFWDQJXODU V\PPHWU\ WR VLPSOLI\

WKH FDOFXODWLRQ� :H ZLOO DVVXPH WKDW WKH QRQXQLIRUPLWLHV DUH SHULRGLF LQ [� L� H�

��[� \�  (D[ �
;
M

�
$M�\� FRV

t
�{M[

p

u
�%M�\� VLQ

t
�{M[

p

uw
� �$����

:H PXVW WKHUHIRUH KDYH
$��

M �\�

$M�\�
 

t
�{M

p

u
�

� �$����

7KHUHIRUH�

$M�\�  $RM H[S

t
b�{M[

p

u
� �$����

ZKHUH WKH H[SRQHQWLDOO\ JURZLQJ VROXWLRQ KDV EHHQ GLVFDUGHG DV XQSK\VLFDO �LW FDQ QRW

PDWFK WKH ERXQGDU\ FRQGLWLRQ DW WKH FHQWHU RI WKH WUDS EHFDXVH LWV GHULYDWLYH ZLOO QRW EH

FRQWLQXRXV WKHUH�� 7KH VROXWLRQ IRU %M�\� LV VLPLODU�

:H VHH LPPHGLDWHO\ WKDW WKH VSDFLQJ EHWZHHQ WKH ULQJV VHWV WKH VFDOH IRU WKH

QRQXQLIRUPLWLHV WKH\ FDXVH� ,W LV WKHUHIRUH DGYDQWDJHRXV WR KDYH WKH ULQJV VSDFHG DV FORVH

WRJHWKHU DV SRVVLEOH� :H ZLOO QRZ WU\ WR DSSUR[LPDWH WKH VL]H RI WKH YDULRXV )RXULHU FRHp�

FLHQWV� :H ZLOO EHJLQ E\ PDNLQJ D VLPSOH DSSUR[LPDWLRQ� QDPHO\ WKDW IRU ULQJV RI WKLFNQHVV

W� WKH YROWDJH SHUWXUEDWLRQ FDQ EH ZULWWHQ
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9DFXXP 9LHZSRUW

3KRVSKRU

�� PP I���� /HQV

&&' &KLS

)LJXUH $���� 7KH SKRVSKRU RSWLFV

1RWH WKDW $RM YDQLVKHV GXH WR WKH IDFW WKDW ZH KDYH SLFNHG WKH ]HUR RI [ VXFK WKDW �S�[� LV

RGG� (YDOXDWLQJ WKH DERYH� ZH nQG WKDW
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:H ZLOO WKHUHIRUH KDYH D ODUJH QXPEHU RI FORVHO\ VSDFHG WKLQ ULQJV WR HVWDEOLVK WKH ERXQGDU\

FRQGLWLRQ� :H ZLOO DOVR HQVXUH WKDW WKH VWUHDPLQJ SODVPD GRHV QRW DSSURDFK WKH ZDOOV RI WKH

DFFHOHUDWLRQ UHJLRQ WRR FORVHO\� 7KH SUHVHQW GHVLJQ FDOOV IRU p W 
 � DQG WKH FORVHVW GLVWDQFH

WKH SODVPD ZLOO DSSURDFK WKH ZDOOV ZLOO EH 
 ����p� 7KHUHIRUH WKH PD[LPXP QRQXQLIRUPLW\

LQ WKH HOHFWULF nHOG GXH WR WKH ULQJV ZLOO EH DSSUR[LPDWHO\ ��� ��

7KH SKRVSKRUHVFHQW PDWHULDO LWVHOI IRUPV D WKLQ OD\HU ZKLFK LV ERQGHG WR D SLHFH

RI JODVV� 7KH OLJKW IURP WKH SKRVSKRU FDQ WKHUHIRUH SURSDJDWH WKURXJK WKH JODVV� WKURXJK

D WUDQVSDUHQW ZLQGRZ LQ WKH YDFXXP FKDPEHU� WR EH LPDJHG E\ WKH &&' FDPHUD� 7KH

RSWLFDO SDWK LV VKRZQ LQ nJXUH $���� 7KH &&' FDPHUD GLJLWL]HV WKH SLFWXUH VR WKDW LW FDQ

EH DQDO\]HG�

$�� &XUUHQW 3URJUHVV

$W WKH WLPH RI WKLV ZULWLQJ� WKH IDVW SHUWXUEDWLRQ VFKHPH KDV SURYHQ VXFFHVVIXO

>��@� :H DUH QRZ LQ WKH SURFHVV RI UHPRYLQJ LW VR WKDW WKH VHJPHQWHG nODPHQW DQG WKH
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YLVLRQ V\VWHP FDQ EH LQVWDOOHG� 7KH GHVLJQ RI ERWK RI WKHVH V\VWHPV LV FRPSOHWH DQG DOO

RI WKH UHTXLVLWH FRPSRQHQWV KDYH EHHQ REWDLQHG� 7KH LQVWDOODWLRQ VKRXOG EH FRPSOHWH E\

'HFHPEHU �����
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$SSHQGL[ %

*ORVVDU\

DGLDEDWLF $ SHUWXUEDWLRQ LV DGLDEDWLF LI LW RFFXUV VORZO\ FRPSDUHG WR WKH RUELWDO PRWLRQ

RI WKH SODVPD SDUWLFOHV�

DGLDEDWLF LQYDULDQW $Q\ TXDQWLW\ ZKLFK UHPDLQV FRQVWDQW GXULQJ DQ DGLDEDWLF SHUWXUED�

WLRQ�

$GLDEDWLFDOO\ &UHDWHG 7HVW :HOO �$&7:� $ ZHOO ZKLFK LV FUHDWHG DGLDEDWLFDOO\� $O�

VR UHIHUUHG WR DV DQ HOHYDWRU VFKHPH� 7KLV LV JHQHUDOO\ FRQWUDVWHG ZLWK D QRQ�

$GLDEDWLFDOO\ &UHDWHG 7HVW :HOO �QRQ�$&7:� ZKLFK LV DOVR NQRZQ DV D oRRG

VFKHPH�

ERXQFH DFWLRQ RU ERXQFH LQYDULDQW� 7KH DGLDEDWLF LQYDULDQW DVVRFLDWHG ZLWK WKH DFWLRQ

YDULDEOH RI WKH D[LDO �RU ?ERXQFH�� PRWLRQ RI WKH HOHFWURQV�

FROOLPDWHG &ROOLPDWHG F\OLQGHUV DUH F\OLQGHUV ZLWK LGHQWLFDO UDGLL O\LQJ DGMDFHQW WR RQH

DQRWKHU ZKLFK DUH D[LDOO\ DOLJQHG�

GLPHQVLRQ RI D SHUWXUEDWLRQ 7KH QXPEHU VSDWLDO FRRUGLQDWHV QHFHVVDU\ WR VSHFLI\ WKH

UHODWLRQ RI D SODVPD SDUWLFOH WR D SHUWXUEDWLRQ� )RU H[DPSOH� D RQH GLPHQVLRQDO SHUWXU�

EDWLRQ FDQ EH HLWKHU DQ\ SHUWXUEDWLRQ LQ D SODVPD ZKHUH WKH SDUWLFOHV DUH UHVWULFWHG

WR PRYH RQO\ DORQJ OLQHV� RU LW FRXOG EH D SODQH FKDUJH SHUWXUEDWLRQ LQ D WKUHH GL�

PHQVLRQDO SODVPD ZKHUH WZR RI WKH VSDWLDO FRRUGLQDWHG FDQ EH LJQRUHG� /LNHZLVH D

WZR GLPHQVLRQDO SHUWXUEDWLRQ FRXOG EH D SRLQW SHUWXUEDWLRQ LQ D SODVPD ZKHUH WKH

SDUWLFOHV DUH UHVWULFWHG WR PRWLRQ LQ D SODQH� RU D OLQH FKDUJH SHUWXUEDWLRQ LQ D WKUHH

GLPHQVLRQDO SODVPD�
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GLRFRWURQ PRGH 7KH nUVW RUGHU D]LPXWKDO PRGH �C  �� RI D QRQ�QHXWUDO SODVPD LQ D

3HQQLQJ�0DOPEHUJ WUDS� FRQVLVWLQJ RI D GLVSODFHPHQW RI WKH SODVPD Rm RI WKH D[LV RI

WKH WUDS� 7KH FKDUJH FHQWURLG RI WKH SODVPD WKHQ URWDWHV DERXW WKH D[LV RI WKH WUDS

ZLWK D FKDUDFWHULVWLF GLRFRWURQ IUHTXHQF\ ZKLFK GHSHQGV RQ WKH JHRPHWU\ RI WKH

WUDS� WKH PDJQHWLF nHOG DQG WKH GHQVLW\ RI WKH SODVPD� �6HH UHI >��@ IRU GHWDLOV��

G\QDPLF VKLHOGLQJ 7KH WKHRU\ ZKLFK GHVFULEHV KRZ D SODVPD VKLHOGV DQ DGLDEDWLF SHU�

WXUEDWLRQ�

HOHYDWRU VFKHPH $ SHUWXUEDWLRQ VFKHPH XVLQJ DQ DGLDEDWLFDOO\ FUHDWHG WHVW ZHOO

oRRG VFKHPH $ SHUWXUEDWLRQ VFKHPH XVLQJ D QRQ�DGLDEDWLFDOO\ FUHDWHG WHVW ZHOO

IUHH FKDUJH 3DUWLFOHV ZKLFK OLH RQ XQERXQGHG RUELWV�

LQVWDQWDQHRXV VKLHOGLQJ 7KH WKHRU\ ZKLFK GHVFULEHV KRZ D SODVPD VKLHOGV D SHUWXUEDWLRQ

ZKLFK LV FUHDWHG UDSLGO\ FRPSDUHG WR WKH RUELWDO WLPH VFDOH� 7KLV W\SH RI SHUWXUEDWLRQ

GLmHUV IURP D QRQ�DGLDEDWLFDOO\ FUHDWHG WHVW ZHOO LQ WKDW SODVPD LV SUHVHQW ZKHQ

WKH SHUWXUEDWLRQ LV FUHDWHG�

QRQ�$GLDEDWLFDOO\ &UHDWHG 7HVW :HOO �QRQ�$&7:� $ WHVW ZHOO FUHDWHG LQ D UHJLRQ

ZLWK QR SODVPD SUHVHQW LQWR ZKLFK SODVPD LV DOORZHG WR oRZ� 7KLV LV DOVR UHIHUUHG WR

DV D oRRG VFKHPH� 6HH $GLDEDWLFDOO\ &UHDWHG 7HVW :HOO

QRQ�QHXWUDO SODVPD $ SODVPD FRQVLVWLQJ RI HLWKHU SRVLWLYHO\ RU QHJDWLYHO\ FKDUJHG SDU�

WLFOHV EXW QRW ERWK� JHQHUDOO\ �WKRXJK QRW QHFHVVDULO\� D VLQJOH VSHFLHV�

SDVVLQJ FKDUJH 3DUWLFOHV ZKRVH RUELWV DOORZ WKHP WR OHDYH WKH SHUWXUEDWLRQ� 3DUWLFOHV

ZKLFK OLH RQ SDVVLQJ RUELWV�

SDVVLQJ RUELWV 2UELWV ZKLFK GR QRW FORVH LQVLGH D SHUWXUEDWLRQ UHJLRQ� 7KHVH RUELWV PD\

EH ERXQGHG LI WKH SODVPD LV FRQnQHG�

3HQQLQJ�0DOPEHUJ WUDS 2QH RI PDQ\ W\SHV RI QRQ�QHXWUDO SODVPD WUDSV� 6HH 6HF�

WLRQ ��� IRU PRUH GHWDLOV�

SRWHQWLDO KLOO $ SHUWXUEDWLRQ LQ D SODVPD WKDW FUHDWHV D UHJLRQ RI SRVLWLYH SRWHQWLDO HQHUJ\�

VXFK DV D QHJDWLYH YROWDJH SHUWXUEDWLRQ LQ DQ HOHFWURQ SODVPD� $ SRWHQWLDO KLOO KDV

WKH RSSRVLWH VLJQ DV D SRWHQWLDO ZHOO�
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SRWHQWLDO ZHOO $ SHUWXUEDWLRQ LQ D SODVPD WKDW FUHDWHV D UHJLRQ RI QHJDWLYH SRWHQWLDO

HQHUJ\� VXFK DV D SRVLWLYH YROWDJH SHUWXUEDWLRQ LQ DQ HOHFWURQ SODVPD� $ SRWHQWLDO

ZHOO KDV WKH RSSRVLWH VLJQ DV D SRWHQWLDO KLOO�

VKLHOGLQJ HpFDF\ $ TXDQWLnFDWLRQ RI WKH GHJUHH RI VKLHOGLQJ RI D SHUWXUEDWLRQ� GHnQHG

DV � b j jZ ZKHUH jZ LV WKH DSSOLHG SRWHQWLDO DQG j LV WKH QHW SRWHQWLDO �DSSOLHG

SOXV VSDFH FKDUJH�� $ VKLHOGLQJ HpFDF\ RI RQH FRUUHVSRQGV WR SHUIHFW VKLHOGLQJ� ZKLOH

D VKLHOGLQJ HpFDF\ RI ]HUR FRUUHVSRQGV WR QR VKLHOGLQJ� 1HJDWLYH VKLHOGLQJ HpFDFLHV

FRUUHVSRQG WR DQWL�VKLHOGLQJ�

WUDSSHG FKDUJH 3DUWLFOHV ZKRVH RUELWV GR QRW DOORZ WKHP WKH OHDYH D SHUWXUEDWLRQ UHJLRQ�

3DUWLFOHV ZKLFK OLH RQ WUDSSHG RUELWV�

WUDSSHG RUELWV 2UELWV ZKLFK FORVH LQVLGH D SHUWXUEDWLRQ UHJLRQ� ,Q DQ LQnQLWH SODVPD ZLWK

D VLQJOH SHUWXUEDWLRQ� DOO ERXQGHG RUELWV DUH WUDSSHG RUELWV�
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%LEOLRJUDSK\

>�@ )UDQFLV )� &KHQ� 3ODVPD 3K\VLFV DQG &RQWUROOHG )XVLRQ� 3OHQXP 3UHVV� 1HZ <RUN�
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>�@ '� 5� 1LFKROVRQ� ,QWURGXFWLRQ WR 3ODVPD 7KHRU\� -RKQ :LOH\ DQG 6RQV� 1HZ <RUN�
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>�@ (� :� /DLQJ� $� /DPRQW� DQG 3� -� )LHOGLQJ� ,QWHUDFWLRQ RI WHVW SDUWLFOHV ZLWK D SODVPD�

-� 3ODVPD 3K\V�� ������ �����

>�@ '� 0RQWJRPHU\ DQG )� 7DSSHUW� &RQGXFWLYLW\ RI D WZR�GLPHQVLRQDO JXLGLQJ FHQWHU

SODVPD� 3K\V� )OXLGV� ������� �����

>�@ (� :� /DLQJ DQG $� /� *LEVRQ� ,QWHUDFWLRQ RI D WHVW SDUWLFOH ZLWK D PDJQHWL]HG SODVPD�

-� 3ODVPD 3K\V�� ������� �����

>�@ 3� &KHQHYLHU� -� 0� 'RORLTXH� DQG +� 3HUHV� 3RWHQWLDO FUHDWHG E\ D WHVW SDUWLFOH LQ

RQH�� WZR�� DQG WKUHH�GLPHQWLRQV LQ D oRZLQJ LRQ �HOHFWURQ SODVPD� -� 3ODVPD 3K\V��

������� �����

>�@ $� 9� *XUHYLFK� 'LVWULEXWLRQ RI FDSWXUHG SDUWLFOHV LQ D SRWHQWLDO ZHOO LQ WKH DEVHQFH RI

FROOLVLRQV� 6RY� 3K\V� -(73� ������� �����

>�@ 0� 3VLPRSRXORV DQG '� /HH� &URVV nHOG WKHUPDO WUDQVSRUW LQ KLJKO\ PDJQHWL]HG SODV�

PDV� 3URF� 5R\DO 6RF� /RQG�� ������� �����

>�@ 0� 3VLPRSRXORV DQG $� 5RJLVWHU� 'HQVLW\ RI XQWUDSSHG HOHFWURQV QHDU D SDUWLFOH RI D

SODVPD� 3K\V� /HWW� $� �������� �����

>��@ 0� 3VLPRSRXORV� 7KH YHORFLW\ GLVWULEXWLRQ DQG WKH GHQVLW\ QHDU D SDUWLFOH RI DQ HTXL�

OLEULXP RQH FRPSRQHQW SODVPD� 3K\V� /HWW� $� ������� �����
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>��@ 6�&� 1HX DQG *�-� 0RUDOHV� 3URSDJDWLRQ RI QRQOLQHDU SXOVHV LQ D QRQ�QHXWUDO SODVPD�

3K\V� 3ODVPDV� ������� �����

>��@ $� 5HLPDQQ� &� +DQVHQ� DQG -� )DMDQV� %XOO� $P� 3K\V� 6RF�� 7R EH SXEOLVKHG�

>��@ -� +� 0DOPEHUJ� &� )� 'ULVFROO� %� %HFN� '� /� (JJOHVWRQ� -� )DMDQV� .� )LQH� ;� 3�

+XDQJ� DQG $� :� +\DWW� ([SHULPHQWV ZLWK SXUH HOHFWURQ SODVPDV� ,Q &�:� 5REHUVRQ

DQG &�)� 'ULVFROO� HGLWRUV� 1RQQHXWUDO 3ODVPD 3K\VLFV� YROXPH $,3 ���� SDJH ��� 1HZ

<RUN� ����� $PHULFDQ ,QVWLWXWH RI 3K\VLFV�

>��@ -� )DMDQV DQG '� +� (� 'XELQ� HGLWRUV� 1RQ�1HXWUDO 3ODVPD 3K\VLFV ,,� YROXPH $,3 ����

$PHULFDQ ,QVWLWXWH RI 3K\VLFV� 1HZ <RUN� �����

>��@ 7� 0� 2
1HLO� $ FRQnQHPHQW WKHRUHP IRU QRQQHXWUDO SODVPDV� 3K\V� )OXLGV� ��������

�����

>��@ -� +� 0DOPEHUJ DQG -� 6� GH*UDVVLH� 3URSHUWLHV RI D QRQQHXWUDO SODVPD� 3K\V� 5HY�

/HWW�� ������� �����

>��@ &� )� 'ULVFROO DQG -� +� 0DOPEHUJ� +ROORZ HOHFWURQ FROXPQ IURP DQ HTXLSRWHQWLDO

FDWKRGH� 3K\V� )OXLGV� ������� �����



��

>��@ -� 6� 'H*UDVVLH DQG -� +� 0DOPEHUJ� :DYHV DQG WUDQVSRUW LQ WKH SXUH HOHFWURQ SODVPD�

3K\V� )OXLGV� ������ �����

>��@ $� -� 3HXUUXQJ DQG -� )DMDQV� 1RQ�QHXWUDO SODVPD VKDSHV DQG HGJH SURnOHV� 3K\V�

)OXLGV %� ������ �����

>��@ .� 6� )LQH� ([SHULPHQWV ZLWK WKH O � 'LRFRWURQ 0RGH� 3K' WKHVLV� 8QLYHUVLW\ RI

&DOLIRUQLD� 6DQ 'LHJR� �����

>��@ .� 6� )LQH� &� )� 'ULVFROO� DQG -� +� 0DOPEHUJ� 0HDVXUHPHQWV RI D QRQOLQHDU GLRFRWURQ

PRGH LQ SXUH HOHFWURQ SODVPDV� 3K\V� 5HY� /HWW�� �������� �����

>��@ .� 6� )LQH� 6LPSOH WKHRU\ RI D QRQOLQHDU GLRFRWURQ PRGH� 3K\V� )OXLGV %� ������� �����

>��@ '� /� (JJOHVWRQ� &� )� 'ULVFROO� %� 5� %HFN� $� :� +\DWW� DQG 7� +� 0DOPEHUJ� 3DUDOOHO

HQHUJ\ DQDO\]HU IRU SXUH HOHFWURQ SODVPD GHYLFHV� 3K\V� )OXLGV %� ������� �����

>��@ -� 3� 9HUERQFRHXU� $� %� /DQJGRQ� DQG 1� 7� *ODGG� $Q REMHFW�RULHQWHG HOHFWURPDJ�

QHWLF SLF FRGH� &RPS� 3K\V� &RPP�� ������� �����

>��@ ,� %� %HUQVWHLQ� -� 0� *UHHQH� DQG 0� '� .UXVNDO� 3K\V� 5HYLHZ� �������� �����

>��@ $� -� 3HXUUXQJ� -� 1RWWH� DQG -� )DMDQV� ,PDJLQJ RI D QRQQHXWUDO SODVPD� %XOO� $P�

3K\V� 6RF�� �������� �����

>��@ $� -� 3HXUUXQJ� ,PDJLQJ RI ,QVWDELOLWLHV LQ D 3XUH (OHFWURQ 3ODVPD� 3K' WKHVLV�

8QLYHUVLW\ RI &DOLIRUQLD� %HUNHOH\� �����


